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PREFACE 


This book is based on Applied Quantitative Finance on Wall Street, an upper level under- 
graduate statistics course that I have taught for several years at Harvard University. The 
students taking the class are typically undergraduate concentrators in mathematics, applied 
mathematics, statistics, physics, economics and computer science; master’s students in stat- 
istics; or PhD students in quantitative disciplines. No prior exposure to finance or financial 
terminology is assumed. 

Many students who are considering a career in finance study this material to gain an 
insight into the machinery of financial engineering. However, some of my students have 
no interest in a financial career, but simply enjoy probability and are motivated to explore 
one of its compelling applications and investigate a new way of thinking about uncertainty. 
Others may be curious about quantitative finance due to the regulatory and policy-making 
attention the industry has received since the financial crisis. 

The book concerns financial derivatives, a derivative being a contract or trade (or bet, 
depending on your prejudices) between two entities or counterparties whose value is a 
function of—derives from—the price of an underlying financial asset. We define vari- 
ous derivative contracts and describe the quantitative and probabilistic tools that were 
developed to address issues encountered by practitioners as markets developed. The book 
is steeped in practice, as the methods we explore only developed to such an extent because 
the markets themselves grew exponentially fast. Whilst we develop theory here, this book is 
not theoretical in the ‘existing only in theory’ sense. The products we consider are traded in 
significant size and have meaningful economic impact. 

Probability provides the key tools for analysing and valuing derivatives. The price of 
a stock or a bond at some future time is a random variable. The payout of a derivative 
contract is a function of a random variable, and thus itself another random variable. We 
show that the price one should pay for a derivative is closely linked to the expected value 
of its payout, and that suitably scaled derivative prices are martingales, which are funda- 
mentally important objects in probability theory. The book focuses largely on interest rate 
derivatives—where the underlying financial variable is an interest rate—for three reasons. 
First, they constitute by far the largest and most economically important derivative mar- 
ket in the world. Secondly, they are typically the most challenging mathematically. Thirdly, 
they have generally been less well addressed by finance textbooks. 


Background and motivation 


The structure and content of the book are shaped by the experiences of my career in 
both academia and on Wall Street. I read mathematics as an undergraduate at Cambridge 
University where I was fortunate to be taught probability by both Frank Kelly and David 
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Williams. I obtained a PhD in Statistics at Harvard University with Kjell Doksum before 
teaching for two years at Imperial College London, where I lectured the introductory 
probability course for mathematics undergraduates. 

My move to Wall Street was catalysed indirectly by President Clinton’s decision to can- 
cel the superconducting super collider in 1993. Two Harvard housemates, both theoretical 
physicists, saw the academic job market for physicists collapse overnight and both quickly 
found employment at Goldman Sachs in New York. Their assertion that derivative mar- 
kets (whatever in fact they were) were ‘pretty interesting’ and mathematically challenging 
convinced me to contemplate a move from my nascent academic career. 

I started at HSBC in London, hired directly by a Cambridge PhD mathematician. On 
my first day at work I was tasked to calculate the expected value of a function of bivariate 
normal random variables. I moved subsequently to Morgan Stanley in New York where I 
became managing director and the market maker for US interest rate options. Throughout 
my stint at Morgan Stanley I worked with another Cambridge mathematician. Together 
we developed a training program for new analysts, motivated by mathematical and prob- 
abilistic challenges and subtleties we encountered in the rapidly developing interest rate 
options markets of the late 1990s. Several of the problems from that mini-course have found 
their way into this book. Indeed much of the theory I develop is motivated by a desire 
to provide a suitably rigorous yet accessible foundation to tackle problems I encountered 
whilst trading derivatives. This fundamental motivation led me to create the course at 
Harvard and subsequently develop this book, which I believe combines an unusual blend of 
derivatives trading experience and rigorous academic background. 

After a spell in London running an interest rate proprietary trading group at Deutsche 
Bank, I rejoined Harvard in 2006 where I currently wear two hats: head of public mar- 
kets at the Harvard Management Company, the subsidiary of the university responsible for 
managing the endowment; and Professor of the Practice of statistics at Harvard University, 
where I teach the course. My role at the endowment includes responsibility for Harvard’s 
investment activities across public bond, equity and commodity markets. This ongoing 
presence at the heart of financial markets—I continue to trade each day derivative contracts 
explained in the text—means that the course, and thus I hope the book, retains immediacy 
to its field. In particular, the financial crisis of 2008-2009 challenged many basic found- 
ational assumptions both academics and practitioners had taken for granted and I detail 
several of these in the exposition, some surprisingly early. 

The Harvard statistician Arthur Dempster made the distinction between ‘procedural’ 
statistics, involving the rote application of procedures and methods, and ‘logicist’ statist- 
ics in which reasoning about the problem at hand—using subject-matter knowledge and 
judgment in addition to quantitative expertise—plays a central role. This book is written in 
the logicist tradition, interweaving experience and judgment from the real world of finance 
with the development of appropriate quantitative techniques. 

It is often not obvious to an outsider which issues are particularly important to traders 
and investors in the Wall Street derivative markets. Whilst everything in this book is to some 
extent motivated by the practical world, we highlight areas where the degree of market rel- 
evance is not immediately apparent. We also include market anecdotes and tales from the 
Street to provide insights and richness into the material. 
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This book has been motivated by and distilled from my experience on Wall Street, and 
also by my love for probability. In addition to wanting to understand elements of quant- 
itative finance in practice, students may wish to read the book simply because they have 
enjoyed their introduction to probability and have a desire to see how it can be applied. 
Whilst there are many ways to approach financial mathematics, I find the probabilistic 
route both appealing and fulfilling. There are highly intuitive elements to the theory, for 
example prices being expected values. Furthermore, we introduce in a straightforward man- 
ner powerful concepts such as numeraires and martingales that drive much of modern 
theory, and discover that there are subtleties in various unexpected places that demand 
precise and non-trivial understanding. 


Prerequisites 


The sole prerequisite for mastering the material in this book is a solid introductory under- 
graduate course in probability (represented by Statistics 110 at Harvard, Part IA Probability 
at Cambridge University, or Probability & Statistics I at Imperial College). Familiarity is 
required with: discrete and continuous random variables and distributions; expectation, in 
particular expectation ofa function of a random variable; conditional expectation; the bino- 
mial and normal distributions; and an elementary version of the central limit theorem. The 
single-variable calculus typically associated with such a course—integration by parts, chain 
rule for differentiation and elementary Taylor series—is used at several points. Exercises at 
the end of this preface give a sense of the probability prerequisite. 

The book is otherwise self-contained and in particular requires no additional preparation 
or exposure to finance. The necessary financial terminology is introduced and explained as 
required. I tell my students that the edifice of quantitative finance was largely built by pion- 
eers from academic physics or mathematics who entered Wall Street with no knowledge of 
finance and having read no finance books, and who still have not. 

This is not a book on economics. There are many excellent economics texts on capital 
markets, corporate finance, portfolio theory and related matters, which complement this 
material. However, derivative markets are a world largely populated by traders and math- 
ematicians, not economists. Nor is this a book on time series methods or prediction. As we 
see early on, derivative pricing—even that concerning the price of a forward contract which 
is an exchange of an asset in the future—is largely unrelated to prediction. 

The mathematical prerequisite is modest and no more extensive than that for an 
introductory undergraduate probability course, although adeptness at logical quantitative 
reasoning is important. Whilst we build an appropriately rigorous base for our results, this 
is not a theoretical mathematics book. By developing most of our theory using discrete-time 
methods, we can address important issues in finance without exposure to stochastic 
processes, Ito calculus, partial differential equations, Monte Carlo or other numerical meth- 
ods, all of which play important roles in continuous-time financial mathematics. We raise 
signposts to areas of further study in the rough guide to continuous time that concludes the 
book. 
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I have necessarily had to be ruthless with material I have excluded in order to keep the 
book appropriate to a one-semester course of approximately 33 lecture hours. The book 
is selective rather than encyclopaedic and moves at a lively pace. This enables students to 
be exposed to powerful theory and substantive problems in one semester. Throughout the 
book I raise signposts to more advanced topics and to different approaches to the material 
which naturally arise from the exposition. Even an encyclopaedic tome cannot cover all 
dimensions of derivative markets and associated theory. 


Outline 


The book is organized in five parts. The first, short part contains some preliminaries 
regarding interest rates and zero coupon bonds, and a very brief sketch of assets. 

The bulk of the material is contained in Parts II-IV. In Part II, we define and explore 
basic derivative products including forwards, swaps and options. Our first derivative—the 
forward contract—is introduced and we consider methods for valuation and pricing which 
we discover do not depend on any probabilistic modelling. Recent violations of traditional 
assumptions during the financial crisis are soon encountered. We introduce elementary 
interest rate derivatives, such as forward rate agreements (FRAs) and swaps, and define 
futures, the first contract whose price depends on distributional assumptions of the underly- 
ing asset. We state formally the no-arbitrage principle, a foundation of quantitative finance, 
which makes precise the arguments to which we have already appealed. Recent empir- 
ical challenges to the principle of no-arbitrage manifested during the financial crisis are 
discussed. We then introduce and define call and put options, key building blocks of mod- 
ern derivative markets. We investigate option properties and establish model-independent 
bounds on their price. We also review options on forwards, an area that can still cause 
puzzlement on Wall Street. 

Part III focuses on the key pricing arguments of replication and risk-neutrality. We 
formalize arguments regarding replication and hedging on a binomial tree, and define risk- 
neutral valuation in this setting. We show that prices are appropriately scaled expected 
values under the risk-neutral probability distribution, a result which leads to the funda- 
mental theorem of asset pricing for the binomial tree, the most powerful result of the book. 
Introducing ina natural manner the concepts of numeraire and martingale, we give a general 
form of the fundamental theorem, which states that no-arbitrage is equivalent to the ratios 
of prices to a numeraire being martingales. Bridging in a simple manner to continuous time, 
we take limits using the central limit theorem and move to a continuous case where expect- 
ation under a lognormal density immediately gives the Black-Scholes formula. We review 
its properties and introduce the concepts of delta and vega. The key duality between option 
prices and probability distributions is then explored in several ways. 

Part IV develops the understanding of interest rate options, the largest, most important 
and most mathematically challenging of options markets. No book covers the material par- 
ticularly well and the fabric of these markets is typically only seen clearly by its practitioners. 
We introduce and value interest rate caps, floors and swaptions, using an elegant choice of 
numeraire. We then define Bermudan swaptions and derive arbitrage bounds for their value, 
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and construct trades using cancellable swaps. Two further topics in interest rate options are 
discussed: libor-in-arrears and general convexity corrections, in particular the details of one 
of the great trades in derivatives history; and a brief description of the BGM model and its 
volatility surfaces, which underlies much of current interest rate modelling. 

In the concluding Part V, we provide a brief introductory sketch of the continuous-time 
analogue of the theory developed in the book, and raise signposts to the partial differential 
equation approach to mathematical finance. 

The book includes substantive homework problems in each chapter (other than Part V) 
which illustrate and build on the material. The aim is to make the book fulfilling, challenging 
and entertaining, and to convey the immediacy and practical context of the material we 
cover. 


EXERCISES 


The following exercises provide an indication of the level of probability proficiency that is 
required to master the material in this book. 


1. The normal distribution and expectation 
Let X ~ N(u, Y?) and K be a constant. Calculate 


(a) E(I{X > K}) where I is the indicator function. 
(b) E(max{K - X, 0}). 


Hint Use (K - X) = (K - u) - (X - u). 


(c) E(e™). 
Leave answers where appropriate in terms of the normal cumulative distribution func- 
tion Ọ(-). 


Note In the language of derivatives (a) is essentially the price of a digital call option 
and (b) is the price of a put option. We encounter these in Chapter 7. 


2. The lognormal distribution 
A random variable Y is said to be lognormally distributed with parameters u and o if 
log Y ~ N(u, 0”). We sometimes write Y ~ lognormal (u, 0”). 
(a) Using your answer to Question 1(c), calculate E(Y) and Var(Y). 
(b) Suppose u = log f - $a for a constant f > 0. Calculate E(Y) and show that 
Var(Y) =f?o7(1 + Z + g + higher order terms). 
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3. Conditional expectation 
A sequence of random variables Xo, Xı,..., Xm... is defined by Xo =1 and 
Xn = Xn1€n-1, where &;, i = 0,1, . . . , are independent and identically distributed with 


l+u with probability p 


g= l+d with probability 1 - p, 


where u > d. 

(a) Calculate E(X, | X,1). 

(b) Let Y, = od for a constant r > 0. Find in terms of p, u and d the value of r such 
that E(Y, | Yn-1) = Y„-1. Hence find in terms of u and d the range of such possible 
values for r. 

(c) Suppose E(Y, | Yn1) = Yn1 for all n. Use any result concerning conditional 
expectation to prove that E(Y, | Yn) = Ym foralln > m > 0. 


Note The result in (c) is essentially the definition that Y, is a martingale, which we 
encounter in Chapter 9. 


4. The normal cumulative distribution function 
Show that the first three non-zero terms of the Taylor series for the normal cumulative 
distribution function ®(x) around zero are 


x 3 


x 
~ 210 6/20 


(x)= + 
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Preliminaries 


One of the interview questions I was asked when applying for my first job in finance was, 
‘Would you rather have one dollar today or one dollar in one year’s time?’ The question 
was asked abruptly without any polite preamble, as if to throw me off guard. However, the 
answer is clearly that one would rather have the dollar today since one can, amongst other 
things, deposit the dollar at a bank and receive interest for the year. This is preferable to 
receiving a dollar in a year’s time, provided interest rates are not negative. The bulk of this 
preliminary chapter is concerned with the mechanics of interest rates, compounding and 
computing the value today of receiving a dollar or other unit of currency at some date in 
the future. 


Note Almost universally throughout quantitative finance, interest rates are assumed to 
be non-negative. However, finance in practice has the habit of throwing up unexpec- 
ted complexity even in the simplest of settings, and interest rates are no exception. 
Figure 1.1 shows the graph of the two-year Swiss interest rate (precisely, the two-year 
government bond yield, which we encounter in Chapter 4). We observe that this rate 
has been negative for non-negligible periods. How can this be so? Surely we can simply 
keep hold of our Swiss francs, and not deposit them at negative rates, thus establishing 
an effective floor of 0% on interest rates? In practice, it is not easy to keep billions 
of Swiss francs in safes (or under the mattress). The Swiss national bank—as part of 
its aim to reduce the strength of its currency during a particularly intense episode of 
euro concerns in late 2010—penalized all deposits of Swiss francs by way of negative 
interest rates. However, throughout this book we assume, unless stated otherwise, that 
all interest rates are non-negative, keeping in mind that markets have a tendency to 
challenge even fundamentally sound assumptions. 


1.1 Interest rates and compounding 


Suppose we deposit (or invest) an amount $N at a rate r per annum, compounded annu- 
ally. Then we have after one year $N(1 + r), and after T years an amount $N(1 + r)". 
Throughout the book we will express interest rates as decimals, so r is a rate of 100r%. 
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Figure 1.1 Two-year Swiss government bond yield 


N is called the notional or principal. For simplicity, we will usually assume that N = 1 
unless otherwise stated, as we can always multiply through by N. We will usually also omit 
the $ or other currency symbol. 


Note Concern amongst regulators often refers to the large size of outstanding notional, 
even though we will see later that payments on most derivative contracts relate to rN, 
or indeed (rı — r2)N, where rı and rz are two different interest rates. These payments 
are thus usually of smaller order of magnitude than the notional. 


If we invest 1 at r compounded semi-annually, we have (1 + r/2) after six months and 
(1 +1r/2) after T years. 

If we invest 1 at r compounded m times per annum, we have at time T an amount 
(1+r/m)"" — eT as m —> oo. Therefore, a unit amount compounded continuously at 
r becomes e"? after T years. 


Result Suppose the continuously compounded rate for period T is r. Then the equivalent rate rm 
with compounding frequency m is 


lm = m(e"!™) -1). 
Proof The result follows immediately by noting that 


eT = (14+ r_,/m)"". E 
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For example, 100 invested at 5% with annual compounding for two years becomes 
110.25 at T = 2, equivalent to a 4.879% rate with continuous compounding. 100 invested 
at 5% with continuous compounding for two years grows to 110.52. 

The money market account, M; is the value at time t of 1 invested at interest rate r. 
Thus My = 1, and if r is the constant continuously compounded rate, M; = e”. It is pos- 
sible to generalize to when r varies with time or is random. The money market account 
plays an important role when we discuss the fundamental theorem of asset pricing in 
Chapter 9. 


1.2 Zero coupon bonds and discounting 


A zero coupon bond (ZCB) with maturity T is an asset that pays 1 at time T (and nothing 
else). The ZCB is such a fundamental object that we introduce it before we define bond or 
coupon! 

Let Z(t, T) be the price at current time t of a ZCB with maturity T, for t < T. By 
definition Z(T, T) = 1. 


Result Suppose the continuously compounded interest rate from t until T is a constant r. Then 
we have 


Z(t, T) =e", 


Proof At time t, consider the following two portfolios. 
Portfolio A. One zero coupon bond with maturity T. 
Portfolio B. e”(T of cash, which we deposit at r. 
Both portfolios are worth 1 at time T, and therefore they must be worth the same at 
time t. a 


Similarly, if r4 is the annually compounded rate, then 


1 


Z(t, T) = Otra) 


Note The logic of this argument, namely that if two portfolios are worth the same at some 
future time T then they are worth the same at current time t < T, may seem obvious— 
or is it?—and we adopt similar arguments in Chapter 2. We formalize the logic behind 
the argument in Chapter 6 using the axiom of no-arbitrage, and see recent empirical 
challenges to this logic presented by the financial crisis. 


The values Z(t, T),0 < t < T, are also known as discount factors, or present values. A 
known cashflow of K at time T is worth KZ(t, T) at time t. This is often termed ‘discounting 
cashflows back to today’ or ‘present-valuing’. 


Note Notation in quantitative finance often varies across authors and the ZCB price is a 
good example, which is variously denoted in textbooks by B for ‘bond’, P for ‘present 
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value’ or D for ‘discount factor’. In this book we always use Z for ‘zero coupon’. We use 
W for the standard normal random variable to avoid confusion with the use of Z. 


Given the values Z(t, T), we can recover interest rates. For example, the unique interest 
rate rą such that 


Z(t, T)(1+ ra) 7 = 1 


is known as the annual zero coupon rate or zero rate for period t to T. Similarly the rate r 
such that 


Z(t, T)eT = 1 


is the continuous zero rate for period t to T. 
Note that r is typically not constant across time. For example, we should rigorously write 
an expression like 


Z(t, T)(1 +rasr)T® = 1 


where we specify the compounding frequency and the term of the interest rate. However, 
usually the compounding frequency will be suppressed and deduced from context, and 
often the term will be as well. When we introduce libor and swap rates in Chapters 3 and 4, 
we establish a more precise notation for interest rates. 

It is important to be comfortable moving between discrete and continuous compound- 
ing. The market is always effectively discrete since daily compounding is the highest 
practical frequency, but continuous compounding (exponential growth) is often mathem- 
atically more convenient. 

Note that interest rates are always expressed as per-annum rates, regardless of com- 
pounding frequency or term. 


1.3 Annuities 


An annuity is a series of fixed cashflows C at specified times Tj, i = 1,...,n. 
The value V at current time t < T; of an annuity is given by 


V=C) 2,7). 
i=1 


Result Suppose an annuity pays 1 every year for M years, and that annually compounded zero 
rates are r for all maturities T = 1,...,M. Then 


ve Dap i a 
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Proof We calculate the sum of this simple geometric progression by noting that 


1 1 1 
V-V= ` 
(1 +r) (1+r)%+D (141) a 


Geometric progressions of this form crop up throughout finance. Note that if r = 0 
then V = M, andasr — œ, V —> 0. Ina typical example, say with interest rates of 4% and 
M = 10, then V = 8.11. 

For example, in the US a $100 million ‘Powerball lottery jackpot is typically structured 
as an annuity paying, say, $4 million per year for 25 years. With interest rates at 3%, this 
jackpot is actually only worth $69.7 million. 

We revisit annuities when we consider the fixed leg of interest rate swaps in Chapter 4. 


1.4 Daycount conventions 


We saw that when compounding m times per annum, r/m of notional was paid in interest 
each 1/m years. The fraction 1/m is called the accrual factor, often denoted by œ. Suppose 
we have quarterly payments, so m = 4. In practice, @ is not exactly 0.25 since a year does 
not divide easily into four equal parts. For example, Table 1.1 shows the number of days 
between these quarterly dates in 2011-2012. 

Due to the idiosyncratic nature of how markets developed, there are many different mar- 
ket conventions for calculating the actual accrual fraction used when determining interest 
payments for a particular period. For example, the ‘actual three-sixty’ (act/360) daycount 
convention counts the actual number of days in the period and divides by 360, not 365. This 
was originally designed to help calculation. The ‘thirty three-sixty’ (30/360) convention 
assumes that there are 30 days in each month and was designed to produce equal amounts 
of interest payment each month or quarter. Table 1.2 gives a quick summary of various 
conventions and an example of the accrual factor that each gives rise to. 

The interest rate quoted with an act/360 daycount will be lower than the equivalent rate 
for the same period quoted with an act/365 or 30/360 daycount. For example, if on 16 


Table 1.1 Number of days between quarterly dates. 


Period Days 
16 March 2011 to 16 June 2011 92 
16 June 2011 to 16 September 2011 92 


16 September 2011 to 16 December 2011 91 


16 December 2011 to 16 March 2012 91 
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Table 1.2 Daycount conventions and accrual factors. 


Daycount convention œ for 16 December 2011-16 March 2012 


act/365 91/365 

act/act 15/365 + 76/366 
act/360 91/360 

30/360 1/4 


December 2011 the act/365 rate for three months is 5%, the act/360 rate is 5 x 360/365 = 
4.9315%, as both must give the same accrued interest on 16 March 2012. 


Note Finance often develops extensive shorthand terminology. In the US dollar mar- 
ket, the act/360 daycount convention originally evolved from the money markets, 
where short-term loans were traded. By contrast the 30/360 daycount convention is 
a product of the bond markets. As a result practitioners use, for example, the jargon 
‘annual-money’ instead of ‘annual compounding with actual three-sixty daycount’, and 
‘semi-bond’ instead of ‘semi-annual compounding with thirty three-sixty daycount’. 
Newcomers to a tradefloor often reveal themselves as rookies by using the longhand 
version and being unaware of the industry jargon—as I did in my first months on 


the job. 


Note Interest rate derivatives often have quarterly payment dates in the middle of the 
month since many contracts are based on IMM dates (named after the International 
Monetary Market where the date system originated), the third Wednesday of March, 
June, September and December. We encounter IMM dates when we discuss interest 
rate futures in Chapter 5. 


1.5 An abridged guide to stocks, bonds and FX 


This book concerns derivative contracts whose value derives from the value of an underly- 
ing asset. Here we briefly define the most common such assets: stocks, bonds and foreign 
exchange. Derivative valuation usually takes the current price of the underlying asset as a 
given, and so this section is notably and deliberately brief. 

A stock or share is an asset giving ownership in a fraction of a company. A stock may at 
times pay a dividend, a cash payment often expressed as a percentage q of the stock price, 
usually related to the profitability of the company. The stock is publicly traded and its price 
easily observed. We denote the price at time t of a stock by S+. The known current price is 
called the spot price. We do not need to know much more about stocks in this book. 

A fixed rate bond with coupon c and notional N is an asset that pays a coupon cN each 
year (or at some other frequency) and notional N back at its maturity date T. Note that 
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a bond of notional 1 is an annuity of c plus a zero coupon bond with maturity T. We also 
encounter floating rate bonds where the coupon is linked to a variable interest rate. These 
are defined in Chapter 4. 

The term security encompasses stocks and bonds, and broadly covers traded, negotiable 
instruments that have financial value. An asset is a broader definition encompassing secur- 
ities and instruments that may not be readily tradable such as real estate, although often in 
finance asset and security are conflated. 


Note Student financial aid is an asset for the student, but is not a security as it cannot be 
bought or sold readily. Similarly, royalties for the David Bowie catalogue are an asset. 
However, assets may sometimes be securitized. For example, financial engineers in 
1997 constructed (and David Bowie sold) a Bowie Bond whose coupons were linked 
to the royalty stream, which was then traded in the market. Similarly, a homeowner’s 
mortgage is an asset for the lending bank, and there was a large industry central to the 
financial industry securitizing mortgages by packaging them into a form that could be 
bought and sold readily. During the financial crisis the value of these securities fell dra- 
matically as underlying house prices fell and the ability of homeowners to continue to 
pay interest payments on their mortgages declined. 


Foreign currency is a holding of cash in a non-dollar currency. Its value in US dollars 
(USD) will depend on the foreign exchange (FX) rate. Market convention is that euro 
(symbol € and three-letter abbreviation EUR), pounds sterling (£, GBP), Australian dol- 
lars (AUD) and New Zealand dollars (NZD) are usually quoted as the amount of US dollars 
per unit of foreign currency. All other currencies are usually quoted as foreign currency per 
one US dollar. The ordering of the first five currencies is set as above, meaning the market 
convention is usually to quote, for example, GBP per €1 and AUD per £1. 

Derivative contracts are entered into between two entities or counterparties. A counter- 
party can be a bank like Societe Generale, a sovereign country like Greece, a government 
sponsored entity like Freddie Mac, a local government like Orange County, a hedge fund 
like Long Term Capital Management, a corporation like Parmalat or Procter and Gamble, 
or even a high net worth individual. 

We have established the basics of discounting and compounding, along with the defin- 
itions of the most commonplace assets underlying derivatives. We are now ready to 
introduce our first derivative contract. 


16 EXERCISES 


1. Daycount and frequency 
Two market standards for US dollar interest rates are semi-annual compounding with 
30/360 daycount (semi-bond, denoted ysg), and annual compounding with act/360 
daycount (annual-money, denoted yam). 
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(a) Derive an expression for yam in terms of ysg. You can assume all years have 
365 days. 

(b) Show that when ysg = 6%, | yss -yam |< 0.01%. Calculate yam for the cases 
ysg = 5% and ysg = 7% and use your answers to deduce which rate has larger 
standard deviation. 

(c) The volatility of a rate y is usually defined as the standard deviation of its logarithm, 
and can be well approximated by 2 By differentiating your answer to (a), derive 
an expression for the ratio of the volatility of yam to the volatility of ysg, assuming 
that the current level of rates is ysg = 6%. Compare your answer to your empirical 
result from (b). 

2. Simple interest 

A simple interest rate of r for T years means a 100 investment becomes 100(1 + rT) at 

maturity T. (In other words, there is no compounding.) 

(a) For simple interest of 5% for ten years, calculate the equivalent interest rate with 
(i) annual, (ii) quarterly and (iii) continuous compounding. Assume 30/360 
daycount. 

(b) Show that if simple interest of r for T years is equivalent to r* interest rate with 
annual compounding, then r* — 0 as T —> oo. 

3. Non-standard annuity 

Suppose annually compounded zero rates for all maturities (with 30/360 daycount) are 

r. An annuity pays n at times n = 1,2,...,N. 

(a) What is the present value of the annuity? 


(b) What is the present value of the infinite annuity as N — oo? 


PART II 


Forwards, Swaps and Options 


This page intentionally left blank 


Forward contracts and forward prices 


2.1 Derivative contracts 


A derivative contract, or simply derivative, is a financial contract between two counter- 
parties whose value is a function of—derives from, hence derivative—the value of another 
variable, for example the price of a security such as a stock. 


Note The definition of a derivative contract has nothing to do with calculus or differenti- 
ation. 


For example, a contract where one counterparty pays another counterparty one dollar 
in one year’s time if the amount of snowfall in Boston over the year is above 50 inches 
is a weather derivative. In this book we will exclusively consider financial derivatives, 
derivatives of financial assets like stocks or variables like interest rates. 

Derivatives traded directly between two counterparties are called over-the-counter 
(OTC) derivatives. Most contracts described later in this book are typically OTC, in partic- 
ular the interest rate derivatives described in Chapters 4 and 12. OTC derivatives contrast 
with exchange-traded derivatives where an exchange matches buyers and sellers and each 
counterparty faces the exchange on the contract. Exchange-traded contracts are exemplified 
by futures which we outline in Chapter 5. 

Derivatives are often defined by the payout at some specified maturity date. For example, 
the weather derivative above has payout g(Sr), where 


_ = $1 if Sr > 50 
g(Sr) = Sr > $0} = È otherwise, 


and Sr is the total snowfall in inches during the year up to T = 1. Note that both Sr and 
g(Sr) are random variables whose value is unknown until T = 1. 

Derivatives can also be defined by the contractual obligations of the two counterparties 
involved, and the payout function deduced from these. This is the case with the first 
financial derivative we encounter, the forward contract. 
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2.2 Forward contracts 


A forward contract, or simply forward, is an agreement between two counterparties to 
trade a specific asset, for example a stock, at a certain future time T and at a certain price 
K. At the current time t < T, one counterparty agrees to buy the asset at T, and is long the 
forward contract. The other counterparty agrees to sell the asset, and is short the forward 
contract. The specified price K is known as the delivery price. The specified time T is 
known as the maturity. 

A forward contract is easily defined, yet often causes confusion when first encountered. 
In particular, it is important to understand the distinction between the terms inherent in the 
contract (the underlying asset, K and T), which are fixed when the contract is agreed upon, 
and the value of the contract, which will vary over time. 

We define Vx(t, T) to be the value at current time t < T of being long a forward contract 
with delivery price K and maturity T, that is, how much the contract itself is worth at time t 
to the counterparty which is long. 

Since the counterparty long the forward contract must pay K at T to buy an asset which 
is worth Sr, we immediately have Vx(T, T) = Sr — K, and so we have restated the forward 
contract in terms of the linear payout function g(Sr) = Sr — K. Similarly, the payout at 
maturity from a short forward contract is K - Sr. 

We use the terms ‘value at maturity’ and ‘payout’ interchangeably to describe Vg(T, T), 
although we discuss later the subtle difference between the forward contract defined above 
where the underlying asset is actually traded at T, and a derivative contract defined simply 
to have value Sr — Kat T. 

We define the forward price F(t, T) at current time t < T to be the delivery price K 
such that Vx(t, T) = 0, that is, such that the forward contract has zero value at time t. In 
particular, by definition one can at t go long—or ‘buy —a forward contract with delivery 
price K = F(t, T) for no upfront cost. From above, we immediately have F(T, T) = Sr. 

F(t, T) is the special delivery price satisfying VET) (t, T) = 0. However, we can at time t 
enter into a forward contract with any delivery price K, provided we pay Vx(t, T) to do so. 

We have not yet determined Vx(t, T) or F(t, T) for generalt < T, and we spend the fol- 
lowing sections investigating these quantities. However, we can establish now the import- 
ant distinction between F(t, T) and Vx(t, T) with the following simple example. Suppose a 
stock which pays no dividends always has price 100 and interest rates are always zero. Then 
you should convince yourself that F(t, T) = 100 and Vx(t, T) = 100 - K forallt < T. 


2.3 Forward on asset paying no income 
We let r be the constant zero rate with continuous compounding, and for now suppress any 
dependence of the interest rate on time. 
Result For an asset paying no income, for example a stock that pays no dividends, 
F(t, T) = Se, 
When t = 0 we have the simple expression 


F(0, T) = Soe”. 
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Note We can rewrite F(t, T) = S;/Z(t, T), the ratio of the stock price to the ZCB price. 
Ratios of this form play an important role in Chapter 9. 


We prove this result two ways, introducing important concepts that occur throughout 
quantitative finance. The first method we term the replication proof, which we saw briefly 
in Chapter 1. Ifwe can demonstrate that two portfolios (where we define a portfolio simply 
to be a holding of a linear combination of assets) always have the same value at time T, and 
we have neither added nor subtracted anything of non-zero value between t and T, then the 
portfolios must have the same value at time t < T. 

The second method we term the no-arbitrage or ‘no free money’ proof. We here define 
arbitrage to be a situation where we start with an empty portfolio and simply by execut- 
ing market transactions end up for sure with a portfolio of positive value at time T. A 
no-arbitrage proof is based on the assumption that there exist no such situations. 

In Chapter 6 we more formally define the concept of arbitrage, and show that these two 
methods of proof are equivalent. In particular, we show that the assumption of no-arbitrage, 
appropriately defined, allows us to adopt formally proof by replication. 


ProofI Replication. At current time t, we let portfolio A consist of one unit of stock and 
portfolio B consist of long one forward contract with delivery price K, plus Ke” T of 
cash which we deposit at the interest rate r. 

At time T portfolio A has value Sr. In portfolio B at T we have an amount K of cash, 
which we use to buy the stock at T via the forward contract. Therefore, portfolio B also 
has value Sr at T. Alternatively, we can think of portfolio B at T as K of cash and a 
forward contract with value Sr — K. 

Since the value of these portfolios at time T is the same, and we have neither added 
nor taken away any assets of non-zero value, their value at t is the same. Therefore, 


S; = Vg(t, T) + Ke", 


The forward price F(t, T) is the value of K such that Vg(t, T) = 0, and thus satisfies 
Si = F(t, Tet. E 


Proof II No-arbitrage. Suppose F(t, T) > S,eT), At current time t we execute three 
transactions. We go short one forward contract (‘sell the stock forward’) at its for- 
ward price F(t, T)—remember we can do this at no upfront cost. We borrow S, cash 
at interest rate r for time T — t, and with the cash we buy the stock at its current market 
price $+. 

At time T we must sell the stock for F(t, T) under the terms of the forward contract, 
and we pay back the loan amount of S,e"(T) . Hence we obtain an amount of cash at 
T equal to F(t, T) - Se") > 0. Thus we started with an empty portfolio and ended 
up with a certain profit of F(t, T) - SeT» > 0. 

Now suppose F(t, T) < S,e"\T), At time t we can go long one forward contract 
with delivery price F(t, T) for no cost, sell the stock for S+, and deposit the proceeds 
at r for time T — t. (You may ask what happens if we do not have the stock to sell. We 
address this in our review of assumptions.) 
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At time T we receive S,e7 at the maturity of the deposit, and must buy 


back the stock via the forward contract for F(t, T). Hence we obtain a profit of 
Sre" T- _ F(t, T) > 0. 

Therefore, under the assumption of no-arbitrage, we must have F(t, T) = Sy 
In all other cases we can construct an arbitrage portfolio. a 


r(T-t) . 


No-arbitrage arguments play an important role throughout quantitative finance. Proof II 
is our first encounter with such an argument and it is important to get comfortable with its 
construction. If F(t, T) # S,e7~ one can start with an empty portfolio and end up for sure 
with a portfolio of positive value. Intuitively, to construct the arbitrage when the forward 
price F(t, T) is ‘too high’ relative to the spot stock price S;, we ‘sell’ it (that is, sell the stock 
forward) and buy the stock spot. 

Note that the forward price depends only on the current stock price S,, the interest rate 
r and the time to maturity T — t. It often surprises those encountering forwards for the first 
time that the determination of the forward price does not depend on the growth rate or 
standard deviation of the stock, or indeed any distributional assumptions about Sr. The 
forward price says nothing further about predicting where the stock will be at time T than 
the spot price does. Furthermore, any two assets which pay no income and which have 
the same spot price S; will have the same forward price regardless of any views about their 
future movements. 

To understand this heuristically, suppose one has S; of cash. One can either buy the stock 
today, or invest the cash at rate r and agree today to buy the stock forward at time T. The 
invested cash grows to $, eT); thus the forward price has to equal this for one to be indif- 
ferent between the two strategies, which both result simply in a holding of one stock at T. 
Alternatively, consider the differences and similarities between (a) going long a forward 
contract (at its forward price) and (b) starting with no cash, borrowing cash to buy the 
stock, selling the stock at time T and repaying the loan at T. You should convince yourself 
that both portfolios have value zero at time t and value Sr — ST) at time T. 

Trading a forward contract, however, does allow one to gain exposure to movements in 
the stock price in a capital-efficient way, that is, without initially having to pay out or bor- 
row the purchase price at time t. Forwards allow institutions to establish larger exposures 
for a given amount of initial capital. Indeed, much of the current regulatory reform is con- 
cerned with appropriate capital requirements for institutions entering into forwards and 
other similar derivatives. 


Note Often the stock is itself used as collateral for the loan taken out to purchase it. 


2.4 Forward on asset paying known income 


Result Suppose an asset pays a known amount of income (for example, dividends, coupons or 
even rent) during the life of the forward contract, and the present value at t of the income 
is I. Then 


F(t, T) = (S;-De™™, 
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ProofI Replication. Let portfolio A consist of one unit of the asset and -I cash. (Note 
that a negative amount of cash can be thought of simply as a debt or overdraft.) Let 
portfolio B consist of long one forward contract with delivery price K, plus Ker(t) 
cash. 

At time T, portfolio A has value Sy + Tet) _ Je"(T+) = Sr, the second term on the 
left hand side being the value at T of the income received. Portfolio B has again value 
Sr by the same argument as before. Therefore, the values of the two portfolios at time 
t are equal, and thus 


S,;-I= V(t, T) + Rett), 
Hence F(t, T) = (S; - De". : 


Proof II No-arbitrage. We assume the equality does not hold, and show that in this case 
we can create a portfolio with positive value from an initial portfolio of zero value. 
Suppose F(t, T) > (S;- Tet), We go short one forward contract, borrow S; of 
cash and buy one stock, which provides income with value Ie’ at T. 
At time T we sell the stock for F(t, T) via the forward contract and pay back the 
S,e") loan. Therefore, we obtain a profit of F(t, T) - (S: - Te) > 0, 
A similar argument applies if F(t, T) < (S;- Te), E 


2.5 Review of assumptions 


Let us pause to consider assumptions we have either implicitly or explicitly made to con- 
struct our arguments, and which underpin much of the logic of quantitative finance. The 
extent to which these assumptions are valid in practice is a key determining factor of the 
nature of financial markets. 


1 We can borrow or lend money freely at rate r. In practice, there will be an offered 
rate rogg at which one borrows and a bid rate rgyp at which one lends, rgyp < ropr. 
Arbitrage arguments then give for the non-dividend paying stock 


Spero (T+) < F(t, T) < S,eror (TA) 


However, for large market participants, much borrowing and lending nets and is 
effectively done close to one rate r. 


2 We can always buy or sell as much of the asset as we want, and the market is 
sufficiently deep that the amount we buy or sell does not move the price. This 
usually holds reasonably well for foreign exchange and interest rate swap markets. 
We also assume we can buy or sell assets with negligible transaction costs. In some 
markets—for example, US treasury bonds, bond futures and foreign exchange—bid 
and offer prices are very close together, and transaction costs are indeed low. 
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3 We can sell assets short at will, that is, have negative amounts of assets we do not 
own. This often represents the largest conceptual hurdle. For ease of understand- 
ing, we can simply assume we always have the asset we want to sell, or that there 
is another market participant who holds the asset and can sell it, and for whom the 
same no-arbitrage arguments apply. In practice, we can usually sell a stock short, 
without owning it. To do so, we borrow the stock from someone who owns it (for 
example, an asset manager or broker); sell it; buy it back at later time; and then 
return the stock to the asset manager. The owner of the stock keeps the rights to 
any dividends during the life of the short sale. 

Whilst the mechanics of a short sale are important in practice, mathematically 
one can understand short selling best simply by assuming we can hold quantity A of 
an asset, for all A € R. In reality this may or may not be the case depending on the 
ability to obtain a stock to borrow, and the regulations surrounding short selling. 


4 People always want to exploit arbitrages in order to obtain ‘free money’, and have 
the capacity to do so. In other words, arbitrages cannot persist in the market and 
arbitrageurs are always present. 


Many of these assumptions can be questioned and challenged. Indeed, several can be 
violated to some degree even in normal market conditions. A noteworthy feature of the 
market turmoil in 2008-2009 was gross violations of many of them, viz: 


1 Money markets froze as financial market participants were gripped by fear of coun- 
terparty risk and bankruptcy. It became very hard to borrow money onan unsecured 
basis as no one wanted to lend in an environment where major institutions could go 
bankrupt. The experience of a German bank lending to Lehman Brothers, the US 
investment bank, in September 2008 was salutary. Published levels for interest rates 
bore little relation to the actual rates banks were charging for loans. Question 4 in 
the exercises explores this. 


2 Liquidity evaporated, even in usually deep markets. The sizes one could execute 
became small, and the effect of any trade executed became outsized. Transaction 
costs increased as liquidity decreased and as market makers found it far harder to 
get out of any positions. A general reduction in risk appetite led to wholesale liquid- 
ation of positions which themselves caused market prices to move dramatically and 
discontinuously. 


3 Regulators re-examined short selling rules, causing further market turmoil. In cer- 
tain jurisdictions, short selling was banned for particular assets or for particular time 
periods. In addition, the ability to find stock to borrow, given heightened concern 
about counterparty bankruptcy, was significantly reduced. 


4 The least attention was probably paid by market participants to the fourth assump- 
tion, that arbitrageurs exist and that they take advantage of opportunities. In the 
financial market turbulence that followed the bankruptcy of Lehman Brothers 
in September 2008 there was sufficient fear within financial markets, along with 
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reduced appetite to take risk, execute trades or suffer even temporary mark- 
to-market losses, that broad arbitrages existed for remarkably long periods. We 
encounter some such examples in Chapters 6 and 13. 


2.6 Value of forward contract 


Recall from our example of the asset that pays no income, that the replication argument 
gave 


Vg(t, T) + Ke" = S, 


If we substitute F(t, T) = S,e"(T) we obtain Vx(t, T) = (F(t, T) - K) eT) , the differ- 
ence between the forward price and delivery price discounted back to today. We now show 
this result holds in general for all assets. 


Result The value of the forward contract on an asset satisfies 
V(t, T) = (F(t, T) - K) T9, 


Proof Suppose Vx(t,T) > (F(t, T) - Kje”, 
At time t we go long a forward contract with delivery price F(t, T) (at no cost), and 
go short a forward contract with delivery price K. For the latter we receive Vg(t, T) at 
t, which is invested at rate r. 
At maturity T, the payout of the two forward contracts is 


(Sr - F(t, T)) + (K - Sr) = -(F(t, T) - K). 


Therefore, the value of portfolio at time T is Vx(t, T) eT- _ (F(t, T) -K) > 0. 

A similar argument holds if Vx(t,T) < (F(t, T) - K) eT) We go long a forward 
contract with delivery price K, paying Vx(t,T) at t to do so, and short a forward 
contract with delivery price F(t, T) for no cost. a 

Fixing a specific time fo, note the distinction between: 
Ve(o,r)(t,T), to <t <T, 
which is zero when t = tọ, then equals the value ofa specific forward contract over time; and 


Vren (t, T), to < t < T, 


which is identically zero. 
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2.7 Forward on stock paying dividends and on currency 


Result Suppose a stock pays dividends at a known dividend yield q, expressed as a percentage 
of the stock price on a continually compounded per annum basis. Then the forward price 
satisfies 


F(t, T) = Se? OT), 


Proof Let portfolio A be eT) units of the stock, with dividends all being reinvested in 
the stock, and let portfolio B again be one forward contract with delivery price K plus 
Ke(T) of cash. 

At time T, both portfolios have value Sr. Therefore, their values at current time t 
are the same and thus Spe- = V(t, T) + Ke"). We again obtain the result by 
setting V(t, T) = 0. a 


Similarly to the example where the asset pays a known income, the presence of dividends 
lowers the forward price. There is an advantage to buying the asset spot versus buying it 
forward, since in the latter case we do not receive any dividends paid before T. The forward 
price is lower in order to compensate. The forward contract on a foreign currency is similar. 


Result Suppose X; is the price at time t in dollars of one unit of foreign currency. (For example, 
at the time of writing £1 = $1.55 and €1 = $1.31.) Let rg be the dollar zero rate and rf 
the foreign zero rate, both constant and continuously compounded. Then the forward price 
satisfies 


E(t T) =X, 9), 


Proof I Simply replace q by ry in the result for a stock paying dividends. The foreign cur- 
rency is analogous to an asset paying a known dividend yield, the foreign interest 
rate. a 


Proof II Replication. See Question 3 in the exercises. E 


2.8 Physical versus cash settlement 


We have assumed forwards are physically settled, meaning that one actually pays K and 
receives the asset at time T. However, some forwards are cash settled, meaning one simply 
receives (pays if negative) the amount Sr — K at T. We encounter both cash and physically 
settled contracts later in the book. For example, the derivative contract called an interest 
rate swaption (Chapter 12) can upon execution of the contract be specified as physical or 
cash settlement. Often forwards on financial assets are cash settled when the price Sy is well 
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defined and fixes on a screen. Cash settled forwards are also sometimes known as contracts 
for difference. Both have the same value at T, and hence for t < T. However, a cash settled 
forward has no further exposure to the asset price, whilst a physically settled contract— 
where one owns the asset at T—continues to have exposure to asset price movements. Thus 
cash and physical settlement are different in their risk exposure after T. 

Cash-settled forwards have many similarities with spread bets, and indeed many spread 
betting companies are populated by former derivative traders. For example, if I ‘buy’ Boston 
Red Sox regular season wins at 90, in size one dollar per win, I have a long forward position 
with delivery price 90. If the Red Sox win 100 games I make $10. If they have 81 wins I 
lose $9. The payout is Sr — K where Sr is number of wins. A key difference is that Sy is not 
the price of a security or tradable asset and so the replication and no-arbitrage arguments 
for forward pricing do not apply. The price of the spread bet must come from supply and 
demand, these presumably being generated by some view of how good the Red Sox are. 


2.9 Summary 


We have in this chapter derived forward prices for the underlying assets shown in Table 2.1. 

Foreign exchange forward contracts are widely traded and highly liquid, with approx- 
imately $60 trillion notional of outstanding contracts as of December 2011. They are 
employed extensively by a range of institutions to manage foreign exchange exposure of 
future cashflows. Forward contracts on bonds, stocks and stock indices are less preval- 
ent with, for example, only $2 trillion of outstanding equity-linked forward contracts as of 
December 2011. However, futures contracts—a variant of forwards—on bonds and stock 
indices are highly liquid with hundreds of thousands of contracts traded each day. We detail 
futures contracts in Chapter 5. The largest derivative market by far is the interest rate deriv- 
ative market. In the next two chapters we introduce forward rate agreements and interest 
rate swaps, which constitute the vast majority of the $500 trillion notional of outstanding 
interest rate contracts. 


Table 2.1 Forward prices for various assets. 


Underlying Forward price 
Asset paying known income I (S: - e09 
Asset paying dividends at rate q Se 9TH) 


Foreign exchange Xe" 1 )(T-) 
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2.10 EXERCISES 


1. Forwards in presence of bid-offer spreads 
Let S; be the current price of a stock that pays no dividends. 


(a) Let rg be the interest rate at which one can invest/lend money, and ropp be the 
interest rate at which one can borrow money, rg < rorr. Both rates are continu- 
ously compounded. Using arbitrage arguments, find upper and lower bounds for 
the forward price of the stock for a forward contract with maturity T > t. 


(b) How does your answer change if the stock itself has bid price S; gın and offer price 
SiRF? 
2. Forwards and arbitrage 
At time t you own one stock that pays no dividends, and observe that 


F(t,T) < ZT)’ 


What arbitrage is available to you, assuming you can only trade the stock, ZCB and 
forward contract? Be precise about the transactions you should execute to exploit the 
arbitrage. 

3. FX forwards 
By constructing two different portfolios, both of which are worth one unit of foreign 
currency at time T, prove by replication that the forward price at time t for one unit of 
foreign currency is given by 


F (t, T) = Xet TF), 


where X; is the price at time t of one unit of foreign currency and T is the maturity of the 
forward contract. 

4. FX forwards during the financial crisis 
FX forwards are among the most liquid derivative contracts in the world and often reveal 
more about the health of money markets (markets for borrowing or lending cash) than 
published short-term interest rates themselves. 


(a) On 3 October 2008, the euro dollar FX rate was trading at €1 = $1.3772, and the 
forward price for a 3 April 2009 forward contract was $1.3891. Assuming six-month 
euro interest rates were 5.415%, what is the implied six-month dollar rate? Both 
interest rates are quoted with act/360 daycount and semi-annual compounding. 
There are 182 days between 3 October 2008 and 3 April 2009. 


(b) Published six-month dollar rates were actually 4.13125%. What arbitrage oppor- 
tunity existed? What does a potential arbitrageur need to transact to exploit this 
opportunity? 
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(c) During the financial crisis, several European commercial banks badly needed to 
borrow dollar cash, but their only source of funds was euro cash from the European 
Central Bank (ECB). These banks would: borrow euro cash for six months from 
the ECB; sell euros/buy dollars in the spot FX market; and sell dollars/buy euros 
six months forward (to neutralize the FX risk on their euro liability). Explain briefly 
how these actions may have created the arbitrage opportunity in (b), which existed 
for several months in late 2008. 


. Forwards and carry 


(a) Use arbitrage arguments involving two forward contracts with maturity T to prove 
that 


Ve (t, T) = (F (t, T) - K) 79, 


(b) Verify that Vx (T, T) equals the payout of a forward contract with delivery price K. 
For an asset that pays no income, substitute the expression for its forward price into 
the above equation and give an intuitive explanation for the resulting expression. 


(c) Suppose at time to you go short a forward contract with maturity T (and with deliv- 
ery price equal to the forward price). At time t, to < t < T, suppose both the price 
of the asset and interest rates are unchanged. How much money have you made 
or lost? (This is sometimes called the carry of the trade.) How does your answer 
change if the asset pays dividends at constant rate q? 


. Dollar-yen and the carry trade 

A major currency pair is dollar-yen, quoted in yen per dollar. Suppose the current price 
is $1 = ¥82.10. Suppose also that the five-year dollar interest rate is 2.17% and the two- 
year rate is 0.78% (semi-annual, 30/360 daycount), and that the five-year and two-year 
yen rates are 0.63% and 0.41% respectively (semi-annual, act/365 daycount). 


(a) Calculate the forward price for dollar-yen five years forward. For simplicity use a 
0.5 accrual factor, rather than 182/365 etc, for yen. 


(b) Suppose you were unable to trade forward contracts, but were able to trade spot 
FX and borrow or lend dollar and yen cash. How could you synthetically go long 
the forward contract in (a)? 


(c) Suppose you went long one forward contract from (a), and three years from now 
the FX rate and interest rates are unchanged. What is your profit or loss on the 
forward? 

. FX forward brainteaser, part 1 

Let X; be the euro dollar exchange rate (in dollars per euro) at time t, and suppose 

Xr | X; ~ lognormal (log X; + u(T - t),07(T - t)). 

(a) Calculate E(Xr | X;). Find in terms of rg, re and o the value of jz such that 
E(Xr | X,) = F(t, T), where F(t,T) is the forward euro dollar FX rate (see 
Question 3). 
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(b) Let Y; be the dollar euro exchange rate (in euro per dollar). Find the distribution 
of Yr | Y; and calculate E(Yr | Y;). (Hint. Lengthy calculations are not required.) 
For what value of u does E(Yr | Y;) = F(t, T), where F(t, T) is the forward dollar 
euro FX rate? 

(c) What condition has to be satisfied such that both E(Xr | X+) = F(t, T) and 
E(Yr | Y,) = F(t, T)? What does this imply in practice? 

(d) Suppose that X, = 1. Show that for the value of u found in (a), 
E(Xr | X: = 1) = E(Yr | Y; = 1) ifand onlyifo = ,/2(rs - re) andrs > re. 


Note Does the lack of symmetry in results (c) and (d) trouble you? 


8. Real estate forwards 

A house in Boston is offered for sale at $1 million. Interest-only mortgage rates are 4% 

(annual compounding) and the house can be rented out for $5,000 per month. Real 

estate taxes to be paid by the owner are $10,000 per annum. 

(a) Find an upper bound for the one-year forward price for the house. State any 
assumptions you are making. 

(b) Can you establish a lower bound on the one-year forward price? Consider briefly 
the cases where: 

(i) you own the house and live in it 

(ii) you own the house and rent it out 
(iii) you own a house in Boston and are prepared to move 
(iv) you own no real estate. 

(c) There is in fact a nascent market in real estate forwards, largely for institutional 
real estate investors. At the height of the financial crisis, the difference between 
the theoretical upper bound and the actual forward price increased significantly. 
Discuss briefly why this might have occurred. 


Forward rates and libor 


We now apply our forward contract machinery to the case where the underlying asset is a 
zero coupon bond (ZCB). This construct leads naturally to the concept of forward rates. 


3.1 Forward zero coupon bond prices 


For Tı < T2, consider a forward contract with maturity Tı on a ZCB with maturity T2. 
That is, the underlying security price is Z(t, T3), the price at t of the T,-maturity ZCB, rather 
than S+. 

Consider the forward price of this forward contract, denoted F(t, T1, T2), the delivery 
price such that the forward contract has zero value at time t. Equivalently, the forward price 
is where one can (for no upfront cost) agree at t to buy at T, the ZCB with maturity T3. 


Result 
Z( t, T2 ) 
Z ( t, Tı ) 


F(t, Ty T2) = 


Proof Let portfolio A be one ZCB maturing at T, and portfolio B be one forward contract 
with delivery price K, and K ZCBs maturing at T1. 
Portfolio A is worth 1 at time T, by definition. In portfolio B, the holding of the 
K ZCBs with maturity T; is worth K at time Tı. One can use this to buy a ZCB with 
maturity T, via the forward contract, and thus portfolio B is also worth 1 at time T3. 
Therefore, both portfolios must be worth the same at time t and so 


Z(t, T2) = V(t, Tı) + KZ(t, Tı). 
The forward price is the value of K such that Vg(t, T1) = 0. Therefore, 


Z(t, T2) 


F(t, Tı, T2) = : 
(t, ls 2) Z(t, Tı) || 
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3.2 Forward interest rates 


The forward rate at current time t for period T; to T2, t < Tı < Th is the rate agreed at t 
at which one can borrow or lend money from T; to T2. 

In this section we use the simplified notation f, for the forward rate, and we suppose that 
rı and rz are the current zero rates for terms T; and T; respectively. 

A graphical representation is the best way to picture forward rates. As shown in 
Figure 3.1, we can agree at t to lend until T at rate rı, and to lend for period T; to T; at 
rate fı2. Alternatively, we can agree at t to lend until T; at rate r2. 

A replication argument concludes that the amount accrued at T, under the two altern- 
atives must be the same. Thus in the case rates are continuously compounded, the forward 
rate satisfies 


en (Ti) ofi2(T2-T) = en (T2) 


n(Tz-t)-rı(Tı - t) 


> = 
fir T, = T; p} 


a weighted average of zero rates. 
Similarly, in the case that rates are annually compounded we have 


(ArI tfa) = (Le nO, 
Since 


Z(t, T;) = fori = 1,2, 


1 
(1 + ri) T9 , 
we see that the forward ZCB price is related to the forward rate by 


1 


F(t, Ti, T2) = (tf) + fn) . 


We used simplified notation in this section, but notation for interest rates soon gets 
unwieldy. In general we have to incorporate the current time, the start date of the interest 
period, the end date of the interest period, plus the compounding frequency of the rate. Our 
notation rı, r2 and fiz suppresses the current time and the compounding frequency, and 
soon lacks the capacity to distinguish between rates. We introduce more comprehensive 
notation when we define swaps in Chapter 4. 


Figure 3.1 Forward and zero rates 
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3.3 Libor 


The rate at which banks borrow or lend to each other is called libor, an acronym for the 
London InterBank Offered Rate. The vast majority of interest rate derivatives have pay- 
outs that are functions of libor rates, short-dated interest rates of fixed term. (The finance 
industry often refers to ‘libor rates’ despite the tautology.) On the current day t, libor rates 
for periods a = 1 (twelve-month libor, often abbreviated to 12mL), œ = 0.5 (six-month 
libor, 6mL), œ = 0.25 (three-month libor, 3mL) etc are published. We denote the libor 
rate at current time t for period t to t + a by L;[t, t + æ], replacing our earlier interest rate 
notation r. The libor rate Lr[T, T + a] for a future date T > t isa random variable. 

Banks can deposit (or borrow) N at time t and receive (or pay back) N(1+aL,[t, t+a]) 
at time t + a. All interest is paid at the maturity or term of the deposit, and there is no 
interim compounding. Most interest rate derivatives typically reference three-month or 
six-month libor. Again, we usually assume that the notional N = 1 unless otherwise stated. 


Note Libor was for many years an obscure financial term (often mispronounced by broad- 
casters with a short ‘i’ as in ‘liberation’ rather than ‘lie-bore’ which is universal on Wall 
Street). The aftermath of the financial crisis of 2008-2009, however, shone a spot- 
light on libor and its setting mechanism. Each libor fix is calculated by polling a panel 
of banks for their rates, discarding the highest and lowest quartiles and averaging the 
remainder. Although in the past, observable interbank certificate of deposit rates were 
largely in line with libor submissions, the rates bank submit do not necessarily have to 
reflect actual transactions. This framework led to two potential abuses. First, in times of 
stress, banks could submit artificially low levels so as not to alarm markets by revealing 
their funding difficulty. Secondly, swap traders, whose underlying derivative contracts 
we see in Chapter 4 depend heavily on libor levels, could attempt to influence, to their 
benefit, rate submissions from their own bank. Both phenomena were components of 
the libor scandal that broke in 2012. In Chapters 4 and 12 we see that libor is integral 
to the majority of interest rate derivatives. 


3.4 Forward rate agreements and forward libor 


A forward rate agreement (FRA—either pronounced ‘frah’ or read ‘f-r.a.’) is a forward con- 
tract to exchange two cashflows. Specifically, the buyer of the FRA with maturity T and 
delivery price or fixed rate K agrees at t < T to 


pay ak 


receive a@L7[T,T+a] | atime pa, 


Thus the payout of the FRA is a(L7[T, T + a] - K) at time T + a. 


Note We see in Chapter 14 that simply changing the payment date of both legs from T + a 
to T opens up an unexpected dimension of complexity. 
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The random variable here is an interest rate, and the FRA looks much like a forward con- 
tract on libor, as it appears similar to paying K to ‘buy’ the libor rate Lr[T, T + a]. However, 
Lr[T,T + a] is not the price of an asset that one can buy or sell like a stock. The only thing 
related to libor we can trade is the deposit. 

The forward libor rate, denoted by L,[T, T + a], is the value of K such that the FRA has 
zero value at time t < T. Note the analogue with the forward price F(t, T) for a forward 
contract on an asset. 


Result The forward libor rate is given by 


7 Z(t, T) - Z(t, T + a) 


Lt Bee aZ(t, T +a) 
3 


Proof Consider a portfolio consisting of long one ZCB maturing at T and short (1 + aK) 
ZCBs maturing at (T + œ). 
At time T we place the 1 from the T-maturity bond in a deposit with interest rate 
Lr[T, T + a]. We are able to do this (at no cost) by definition of Lr[T, T + a]. 
Therefore, at time (T + æ), the portfolio has value 


(1+a@L7[T,T+a])-(1+a@K) =a(L7[T, T +a] -R), 


the payout of a FRA. Therefore, the value of the FRA at time t, which we denote 
V(t, T), is given by the value of this portfolio at t, and so we have 


Vg(t T) = Z(t, T) -(1+aK)Z(t,T + æ). 


The forward libor rate L,[T, T + a] is the value of K such that the FRA has zero value. 
Hence 


S Z(t, T) - Z(t, T +a) 


Bee aZ(t, T +a) 
sd 


Note Rearranging we have 


Z(t, T +a) = Z(t, T) —————_—____. 
(s EANN IT aLIT Ta] 

This is analogous to the expression deriving forward rates from zero rates. We repres- 

ent this expression graphically in Figure 3.2, considering the present value at t of 1 paid 

at T + a. 


Note Our notation for the forward libor rate L,[T,T+a] and the libor fix 
Lr[T,T +a] are consistent with each other at t = T, since at T the FRA has 
zero value when K = L;[T, T + a]. That is, the forward libor rate at T for period T to 
T + @ is trivially the libor fix at T. 
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Z(tT+a) 


er nnn nn nn nnn nnn nen, 


1 
Z(t T) l+aL{T, T+a] 


A ae—----------------- MMMM 


t T Tta 


Figure 3.2 Discounting by ZCBs and the forward libor rate 


Setting t = T we have 


1 


ALT +2) =——__—_— 
(T, ) 1+aLr[T,T +a] 


a familiar expression linking the ZCB price (or discount factor) to the interest rate for that 
period. 

Itis important to distinguish between L,[t, t + æ], the libor fix at current time t for depos- 
its from t to t + g, and L,[T, T + æ], the forward libor at current time t for period T to 
T+. 


3.5 Valuing floating and fixed cashflows 


By definition of forward libor, the value at t of an agreement to receive the unknown floating 
libor payment wL[T, T + a] at T + æ equals the value at t of receiving the known quantity 
aL,[T, T + a] at T + a, which is 


aL,[T,T +a]Z(t,T +a) = Z(t, T) -Z(t,T +a), 


the difference between two ZCB prices. 

We thus have established the result that receiving an unknown libor interest payment 
from T to T + & ona unit of cash has the same value as receiving the unit of cash at T then 
paying the unit back at T + æ. This is intuitively clear, since one can invest the unit of cash 
in a libor deposit, receiving the libor interest payment. 

However, the result is non-trivial, in that we have shown that the value at t of agreeing to 
receive the random quantity L;[T, T + a] at time T + a is a deterministic function of the 
known quantities Z(t, T) and Z(t, T + a). The value does not depend on any distributional 
assumptions about the random variable Lr[T, T + a]. This is a key characteristic of forward 
contracts. 

Valuing a fixed cashflow is easy. We know that receiving a fixed payment of K at time 
T + a has value at time t equal to KZ(t, T + œ). We now have all the machinery required to 
value interest rate swaps. 
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3.6 EXERCISES 


1. Forwards on zero coupon bonds 


Suppose t < Tı < T) < T3, where t is current time, and A > 0. Recall that Z(T,, T2) 
is the price at time T; ofa ZCB with maturity T2, and F (T1, T2, T3) is the forward price 
at time T; for a forward contract with maturity T, on a ZCB with maturity T3. 


(a) For each of the pairs of A and B in Table 3.1, choose the most appropriate relation- 
ship out of >, <, = and ?, where ? means the answer is indeterminate. Give brief 


reasoning. 
Table 3.1 Relationship of A and B. 

A >,<,=or? B 
(i) Z(t, Tı) 1 
(ii) Z(T1,T1) 1 
(iii) Z(t, T2) Z(t, T3) 
(iv) Z(T,, T2) Z(T,, T3) 
(v) Z(T1, T3) Z(T2, T3) 
(vi) Z(T,,T, + A) Z(T2, T, + A) 
(vii) F (t,T,,T>) F (t,T,,T3) 
(viii) F(t, T,T3) F (t, Ta, T3) 
(ix) limy_,.o Z(t, T) 0 


Hint Remember that at current time t < T, F(t,-,-) is known, but Z(T,-) is a 
random variable. 
(b) What can you say about interest rates between T; and T; if 
(i) Z(t,T1) =Z(t,T2)? 
(ii) Z(t, T1) > Oand Z (t, T2) = 0? 
2. Forward rates 


(a) The one-year and two-year zero rates are 1% and 2% respectively. What is the 


one-year forward one-year rate (that is, f1ı)? Assume all rates are annually com- 
pounded. 


Note This is a favourite question for interviewers. 
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(b) Ifthe two-year forward one-year rate ( f2 ) is 3%, what is the three-year zero rate? 


. FRAs 


A bank has borrowing needs at time T > 0. Show that by combining an FRA trade today 
with a libor loan at time T, the bank can today lock in its interest cost for the period T 
to T + œ. Does the borrowing bank need to buy or sell the FRA to do this? What is the 
fixed rate that the bank locks in? 

. Floating rate annuity 


(a) A derivative contract pays aL7[T, T + a] at time T + a. By constructing a portfo- 
lio of ZCBs and a libor deposit that replicates the payout, prove that the value at 
t < T of the derivative contract is Z(t, T) - Z(t, T + @). 


(b) Let To T),...,T, be a sequence of times, with T;,; = T;+@ for a constant 
a > 0. Use your result from (a) to show that a floating leg of libor payments 
aLr,[T;, T; + a] at times Tı, i = 0,1,...,n—1, has value at time t < To equal 
to a simple linear combination of ZCB prices. 

(c) Hence find the value of a spot-starting infinite stream of libor payments, that is, 
when t = To = Oandasn > œ. 


. Fixed rate annuity revisited 
Suppose annually compounded zero rates for all maturities are a constant r, so Z(0, j) = 
i : 
Gay frj A bey ae 
(a) What is the value today of a fixed annuity that pays 1 each year from T = 1 to 
T, =n? 


(b) Find the value of the infinite fixed annuity as n — oo. 


. Interest rate delta of annuities 


The interest rate delta of a derivative contract is defined as the partial derivative, 2 , of 
its value, and measures sensitivity of the price to interest rate movements. Assume again 
that Z (0,j) = any 
(a) Using your results from Questions 4 and 5, calculate the interest rate delta of 

(i) a spot-starting annual libor stream (@ = 1) until time T = n. 

(ii) a spot-starting fixed rate annuity paying c each year until time T = n. 


(b) Show that the deltas are equal in magnitude (but opposite in sign) when 
c(1+r) 


n= ((1+r)"-1). 


~ r(c+r) 


(This formula is sometimes referred to as the Third Wrangler result.) 

Verify that when r = c = 0.06, the delta of the floating rate annuity is equal in 
magnitude (but opposite in sign) to that of the fixed rate annuity when n = 20.734 
years. 


(c) Calculate the interest rate delta of (i) an infinite libor stream and (ii) an infinite 
fixed annuity. Explain your answers. 
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7. Floating rate bond 
Let To, T),..., T, be a sequence of times with Tı = T; + a for a constant a > 0. A 
floating rate bond with notional 1, start date Tp and maturity T, pays libor coupons of 
aL [T;, T; + a] at times Tj1, fori = 0,...,n — 1, and notional 1 at T,. 
(a) Find the price at t < To of the floating rate bond. 


(b) Using a replication argument, find the forward price at t for the floating rate bond 
(for a forward contract with maturity T),t < T < To. 


Interest rate swaps 


Interest rate swaps are the most widely traded, liquid and universal of all over-the-counter 
derivative contracts. The first swap was traded in 1981 and explosive growth followed in 
the 1990s and 2000s. The outstanding notional of interest rate swaps grew from approx- 
imately $20 trillion in 1995 to $55 trillion in 2000 to $400 trillion as of December 2011 
(out of a total $500 trillion interest rate derivative market). The notional numbers are huge 
compared to US GDP of approximately $15 trillion and total worldwide equity market cap- 
italization of approximately $50 trillion. However, as mentioned in Chapter 1, the values of 
interest rate derivatives are typically small fractions of the notional. 

Swaps allow institutions to manage their exposure to interest rate movements or to adjust 
the nature of their interest rate liabilities. Swaps can be a trading tool, in particular allowing a 
counterparty to ‘buy’ or ‘sell’ interest rates and thus profit (or lose) on their movements, or 
a risk management tool, for example, allowing a counterparty to replace unknown floating 
cashflows with a fixed stream. 

An excellent and comprehensive summary of interest rate swaps and related derivatives 
is given by my former colleague at Morgan Stanley, Howard Corb (Corb, 2012). 


Note The vast majority of interest rate swaps are over-the-counter contracts. However, 
the Dodd-Frank Wall Street Reform and Consumer Protection Act, signed into law in 
2010, requires—among many other things—that standard interest rate swaps should 
be cleared through an exchange, once appropriate rules have been established. 


4.1 Swap definition 


A swap is an agreement between two counterparties to exchange a series of cashflows at 
agreed dates. Cashflows are calculated on a notional amount, which again we will typically 
take to be 1. A swap has a start date To, maturity T,,, and payment dates T; i = 1,...,n. 

The payment frequency for the floating and fixed legs may differ, but we will assume here 
they are same. Question 4 in the exercises shows that the frequency of the floating leg is 
irrelevant for theoretical valuation. 
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aLqo(TyT,] aLr [Tp T] aLr [Ty T] aL gy (Typ Ty] 
Floating leg ; ; 
t To Ti T T; Ta 
Fixed leg 
aK aK aK aK 


Figure 4.1 A swap 


In a standard or vanilla swap we typically have Tj; = T; + @ for a fixed a. In practice, 
a may differ slightly for each period (for example, 92/365 or 91/365 instead of 0.25) and 
should precisely be written a;, but we will assume constant œ for simplicity. 

The floating leg of the swap consists of payments aL ,[T;, T; + a] at T; + a, that is, libor 
fixing at T; for the period T; to T; + a, paid at T; + a. 

The fixed leg of the swap consists of payments œK at T; + œ, that is, a fixed rate K accrued 
from T; to T; + a, paid at T; + @. 

A swap is shown graphically in Figure 4.1. One counterparty (the ‘payer’) pays the fixed 
leg to, and receives the floating leg from, the other counterparty (the ‘receiver’). 


4.2 Forward swap rate and swap value 


The value of the fixed leg is given by 


VE? (t) =K} | aZ(t, T:) = KPi[To, Ta] 


i=1 


where we define 
Plt) T, 1D aZ(t, T;). 


The fixed leg of the swap has the present value of an annuity paying K times accrual factor 
a at each payment date. The term P;[To, T„] is called the pv01 of the swap, the present 
value of receiving 1 times a at each payment date. (Our notation for the value of the swap 
leg for simplicity suppresses information about the dates of the underlying swap.) 

Since the floating leg is a series of regular libor payments, we can value it by replacing 
each libor with its forward. Thus the value of the floating leg is 


V(t) = D L,[Ti1, Ti]eZ(¢, T;) = Sza, Ti) - Z(t, T;)) = Z(t, To) - Z(t, Tr), 


i=1 il 
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the difference between two zero coupon bond prices, being the value of receiving 1 at the 
beginning of the swap and paying 1 at its end. 

Therefore, we have the intuitively appealing result that the value of receiving libor pay- 
ments on, say, one dollar is equal to the value of receiving one dollar at the beginning of the 
stream and giving it back at the end. We can simply take the dollar and repeatedly invest in 
a series of libor deposits. 

The forward swap rate at time t for a swap from To to T, is defined to be the value 
ytLTo, Tn] of the fixed rate K such that the value of the swap at t is zero. 


Result Equating fixed and floating legs we obtain fort < To 
pi Mi LT, T]aZ(t, Ti) = Z(t, To) = Z(t, Tn) 
eS aZ(t, Ti) P,[To, Ta] ` 


The forward swap rate is thus a weighted average of forward libors, which collapses to a 


yl To, Ta] 


ratio of a linear combination of ZCB prices to the pv01 (itself a linear combination of ZCB 
prices). Both formulations are useful later, in Chapters 12 and 15. 


Result The value V$™ (t) at time t < To of a swap where we pay a fixed rate K and receive 
libor is given by 


Ve" (t) = (y:[To, Te] - K)P:LTo, Tal 


Proof A complete proof is left to the exercises, using the fact that the value at t of the float- 
ing leg of the swap is by definition equal to the value of a fixed leg with fixed rate 
ytLTo, Tn]. a 


Compare this to the value of a simple forward contract 


Vg(t, T) = (F(t, T) - Kye", 


4.3 Spot-starting swaps 


When t = To, Yr, | To, Tn] is called the par or spot-starting swap rate of maturity T,, — To. 
Given par swap rates for all T;, we can recover Z(To, T;) for all i, a process known as boot- 
strapping. An example of this is given in the exercises. Swaps are now so liquid and widely 
traded that swap rates have become the ‘primitive’ source of interest rate price information 
from which ZCB prices, forward libor and other forward rates are typically calculated. 


Result The par swap rate yr, | To, Tn] is the fixed rate at which one can invest 1 at time To until 
time T „ receiving fixed payments of ayr, | To, T,] at times T; then notional 1 back at T,. 


Proof At each Tı we can deposit 1 at Lr,,[T;-1, T;] receiving (1 + æLr,,[T;-1, T;]) at 
T;. We receive the payment of œLr, ,[T;-1 T;] and reinvest the notional 1 at T;. We 
thus start with one unit of cash and obtain a payment stream of wLr,,[T;-1, T;] at 
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T;,i=1,...,n, and 1 at T,,. By definition, this stream has the same value at To as 
receiving a fixed payment stream of «yr, | To, T;,] at each date T;, and 1 at T,. a 


Hence the swap rate is a ‘coupon’ rate (where interest coupons received cannot neces- 
sarily be assumed to be reinvested at the same rate), distinct from the zero rate defined in 
Chapter 1, where we assume compounding at the same rate. Question 2 in the exercises 
explores this distinction. 


4.4 Swaps as difference between bonds 


Recall that a fixed rate bond with notional N and coupon c pays acN at fixed dates T;, and 
N at T,,, where we have Tı = T; + a. Let the price of the fixed rate bond at current time t 
be denoted B”? (t). 

A floating rate bond with notional N pays libor coupons aNL7,,[T;-;, T;] at T; and N 
at T,,, and we denote its price B™ (t). We are suppressing information about the maturity of 
the bond in our price notation. 

Consider a swap with notional 1 where we pay a fixed rate K and receive libor. 


Result 
VR” (E) = VE (E) - VE (t) = (VCE) + Z(t, Tn) - (VE? (E) + Z(t, Tn) 
= B™(t) - BK (t), 
the difference between the price of a floating rate bond and the price of a fixed rate bond, as 
shown in Figure 4.2. 


It follows that the value of a swap is bounded, and we prove this in Question 1(b). 
Note that V(t) + Z(t, Ta) = Z(t, To). Thus if t = To, then the floating rate bond has 
price 1, regardless of the level of interest rates. In other words, a floating rate bond has no 


1 
alt (Ty Tı] aL [Ty To] aLria [Tix T;] aLr, lp- Tn] 
Floating rate bond ; ; 
t To T, T, T; Ta 
Fixed rate bond 
aK aK aK aK 
+1 


Figure 4.2 A swap as difference between two bonds 
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interest rate exposure. You should think carefully about the distinction between a fixed rate 
bond, whose cashflows are known but whose value changes, and a floating rate bond, whose 
cashflows are unknown but whose value (at coupon payment dates) is always 1. 

Setting t = To we have 


Ve" (To) = (yr, [To, Ta] - K)Pr,[To, Tn] 
and also 
vR” (To) = 1- By? (To). 
So we have 
1- BR? (To) = (yr, [To Ta] - K)Pr,[To, Tn]. 


Therefore, a bond whose coupon equals the swap rate of the same maturity has price 1 (or 
‘par’). A bond whose coupon is lower than the swap rate has price lower than par since if 
yt,[To, Tn] > K, then BZ? (To) < 1. An exercise provides some more insight into fixed 
rate bonds. 


4.55 EXERCISES 


1. Swap value 


(a) Prove that the value Vz" (t) at time t < To of a swap from To to T,,, where we pay 
fixed rate K and receive libor, is 


VW (t) = (y: [To, Ta] - K) P: [To, Tal - 


Hint Replace the floating leg of the swap with a fixed leg of equal value, or con- 
struct a portfolio of two swaps of the same maturity, but with different fixed 
rates. 


(b) By expressing a swap as a difference between a floating rate bond and fixed rate 
bond, prove that, for a given K, ve" (t) is bounded, that is, there exists finite l and 
u independent of interest rates such that 1 < V(t) < u. For t = To = 0 (a spot- 
starting swap), T,, = n and frequency & = 1, find bounds in terms of n and K. 


(c) Is the value of a forward contract on a stock S; necessarily bounded above and 
below? Explain the key difference between the value of a swap and a stock forward 
contract. 


2. Bootstrapping and IRR discounting 
Suppose the current one-year euro swap rate yo[0, 1] is 1.47%, and the two-year and 
three-year swap rates are 2.05% and 2.38% respectively. Euro swap rates are quoted with 
annual payments and 30/360 daycount (thus a = 1). 
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(a) 
(b) 


(c) 


(d) 


(e) 


Use bootstrapping to calculate Z (0, 1), Z (0,2) and Z (0,3), and obtain Po[0, 3], 
the present value of a three-year annuity paying €1 per year. 


Recall that the (annually compounded) zero rate for maturity T is the rate r such 
that Z(0, T) = Tr Calculate the one-year, two-year and three-year zero rates, 
and compare them to the swap rates. In general, for upward sloping yield curves, 
that is, when yo[0, T2] > yo[0, Tı] for T} > Tj, will zero rates be higher or lower 
than swap rates? 


An approximate short-cut sometimes used on trading desks to calculate the present 
value of, say, a three-year annuity is to discount each payment at the three-year 
swap rate. In other words, it is assumed that Z (0, n) = EO JJF for n = 1,2,3. 


This is often called IRR (internal rate of return) discounting. Calculate the error in 


valuing the annuity in (a) this way. 

Calculate the price of a three-year fixed rate bond of notional €1 and annual 
coupons of 2.38% using the ZCB prices calculated in (a), and verify this equals 
the price obtained via IRR discounting at a rate of 2.38%. 


The value of a swap with fixed rate K (see Question 1(a)) can be thought of as 
an annuity of amount yo[0, Ty] — K for period 0 to T,. In yet another Wall Street 
quirk, euro swaps embedded in certain contracts are occasionally valued for cash 
settlement using IRR discounting at the current swap rate yo[0, T,,], rather than 
correct valuation using ZCBs. The logic for this originally was to reduce disagree- 
ments between banks on cash settlement of swaps. The swap rate is easily observed 
and IRR discounting is then a deterministic formula, whilst the bootstrapping 
undertaken in (a) was deemed too complicated. Suppose all euro swaps suddenly 
moved to this type of valuation. Given your answers to Question 2(a) to (c), com- 
ment briefly on whether you would expect euro swap rates to rise, fall or stay the 
same. 


3. Carry and rolldown 
Suppose euro swap rates are as given in Question 2. A hedge fund (HF) executes the 
following two trades with a dealer. (1) The HF pays fixed and receives floating on €100 
million notional of a one-year swap. (2) The HF receives fixed and pays floating on 


€100 million notional of a three-year swap. Assume bid-offer costs are negligible. 


(a) 
(b) 


(c) 


(d) 


After one year, what net cashflow has the dealer paid to (or received from) the HF? 
Suppose after one year, one-year and two-year euro swap rates are unchanged. 
What is the current value of the remaining part of the HF trade? 


Suppose after one year, the one-year euro swap rate is unchanged but the two-year 
euro swap rate is now Y%. What value of Y gives a total zero profit on the trade (at 
T=1)? 

Do you like the trades the HF executed? Discuss briefly the risks of the trade, in 
particular commenting on which interest rates the HF is exposed to. 
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4. Swap frequency 

We have assumed that payment dates for the fixed and floating legs of a swap contract 

are the same. However, in practice, the frequency may differ—for example, in the US 

swap market the fixed leg is usually semi-annual (œ = 0.5), versus a floating leg of three- 

month libor paid quarterly (œ = 0.25). 

(a) Prove that the theoretical value of a swap is independent of the floating 
frequency—for example, three-month libor paid quarterly has the same value as 
six-month libor paid semi-annually. 

(b) Prove that the value of a swap with fixed rate K is not independent of the fixed leg 
frequency. In particular, does P; [To, T,,] increase or decrease if œ changes from 
0.25 to 1? Deduce directly whether the annual swap rate for To to T, is higher or 
lower than the quarterly swap rate for the same period. Assume the same daycount 
convention. 

5. Bonds and yield 

A fixed rate bond with notional 1 pays annual coupons of c at times Tj, i = 1, 2,...,n, 

where T;,; = T; + 1, and notional 1 at time T,,. 

(a) Write down the bond price BP? (t) at time t < To in terms of ZCBs. 


(b) Suppose t = To = 0. The yield of the bond is defined as the value Y such that 


n 


B?(0)=9 : : 


c z+ = 
a eer) (+Y) 


that is, the rate at which IRR discounting gives the bond price. 
By summing the geometric series, prove that 


B”? 1) ee AA 


(c) By writing a swap as the difference between a fixed rate bond and floating rate bond, 
prove that 


Br? (0) = 1 ==> c= yo [0, T,]. 
Hint Recall the definition of the swap rate as the fixed rate that gives the swap zero 


value. 


Note We have, therefore, the interpretation of the T-year spot swap rate as the 
bond coupon such that a T-maturity bond has price par (that is, 100% of 
notional). 
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Futures contracts 


A futures contract is a derivative with many similarities to a forward, essentially being a con- 
tract to trade an underlying asset at a fixed time in the future. However, there are two key 
differences. Most importantly, a futures contract involves cashflows each day up until the 
maturity date T and not just at T. Secondly, virtually all futures contracts are traded on 
exchanges rather than as bilateral over-the-counter contracts between two counterparties. 
Futures contracts on major government bonds and equity indices are very liquid, with 
hundreds of thousands of contracts trading each day. 


5.1 Futures definition 


Similarly to a forward contract, a futures contract (or future) has a specified maturity T, an 
underlying asset, for example a stock with price at t denoted S;, and a futures price P(t, T) 
at which one can go long or short the contract at no cost at time t. The futures price at 
maturity T is defined to be ®(T, T) = Sr. 

The difference between a future and a forward lies in the cashflows during the life of a 
contract. In particular, the holder of a futures contract receives (or pays) changes in the 
futures price over the life of the contract, and not just at maturity. We below make precise 
the differences between the cashflows of the two contracts. 

Forward contract. At time t, we can go longa forward contract with delivery price F(t, T) 
at no cost. At maturity we receive (pay if negative) Sr - F(t, T) = F(T, T) - F(t, T). There 
are no payments in between. 


Futures contract. At time t, we can go long a futures contract with price P(t, T). Each 
day we receive (pay if negative) the mark-to-market change ®(i, T) - ®(i- 1, T), where 
(i, T) is the futures price on day i. This amount is also known as the variation mar- 
gin. Over the life of the contract we receive mark-to-market gains that total ®(T, T) - 
®(t, T) = Sr - ®(t, T). However, the constituent payments are made at different times 
and thus the value of the payments at T will not in general equal Sr — P(t, T). 
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Futures contracts are traded on electronic exchanges such as CME (formerly the 
Chicago Mercantile Exchange), CBOT (Chicago Board of Trade), NYMEX (New York 
Mercantile Exchange) and LIFFE (London International Financial Futures and Options 
Exchange, pronounced ‘life’). There have been many recent mergers amongst exchanges. 
Futures have standardized monthly or quarterly maturity dates set by established market 
conventions. Contracts are netted, meaning that if we go long one contract then short one 
contract then we have no position. 

Each market participant deposits initial margin at the exchange, and receives (or posts) 
additional variation margin as prices move up (or down). Initial margin is usually estab- 
lished to be a size that can cover 99% of five-day moves. It is important to note that 
margin—and in particular variation margin—accrues interest. This key feature gives rise 
to the difference between futures and forward contracts which we explore further in the 
next section. 


5.2 Futures versus forward prices 


Result If interest rates are constant then 
D(t, T) = F(t, T). 


Note This is not a useful result for interest rate futures! 


Proof Without loss of generality let t = 0, and assume that the variation margin is paid 
every A years, and that the maturity T = nA. In practice, marking-to-market takes 
place every day so A = 1/365. Let the constant continuously compounded interest 
rate be r, and consider the following trading strategy. 

At time 0, go long e("-DA4 futures contracts at futures price ®(0, T). 

At time A, increase position to e\"2)4 contracts at futures price ®(A, T) (note 
that by definition of the futures price, we can do this at no cost). 

At time iA, for i = 2,...,n— 2, increase position to etna 
price ®(iA, T). 

At time (n — 1)A, increase position to 1 contract. 

With this strategy we receive the following amounts. 

At time A we receive a mark-to-market gain of (®(A, T) - ®(0, T)) eA This 
we can invest at rate r, and thus it compounds up by e"")4 to time nA. 

At time (i+ 1)A we receive a mark-to-market gain of (®((i+1)A,T) - 
(iA, T))e” "D4, which compounds up bye") to time nA. 

Therefore, the value at time T = nA of the cashflows received from mark-to-market 


contracts at futures 


gains or losses is 


n-1 
XO (@((i+ DA, T) - O(A,T)) ODAC EDA 
i=0 

= &(nA,T) - (0, T) = Sr - (0, T). 
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So an initial holding of e” (0, T) of cash, plus the costless futures trading strategy 
given above, results in a portfolio with value at T 


P(O, T) + (Sr - P(0, T)) = Sr. 


However, consider the portfolio consisting of e”TF(0, T) cash invested at r, plus one 
forward contract. This is also worth Sy at time T. Therefore, 


(0, T) = F(0, T). | 


Consider now the case where the interest rate r is not constant. Suppose that the asset 
price Sr is positively correlated with the interest rate and thus tends to increase as interest 
rates increase. If we are long a futures contract, then we receive mark-to-market gains 
earlier than the forward in environments when interest rates are high, and thus the gains 
can be invested at a higher rate. Similarly, losses from the long position have to be paid 
early when rates are low (and thus the future value of the losses is lower). Thus in this case, 
we would prefer to hold a long futures position relative to a long forward position. Hence, 
if the asset price and interest rate are positively correlated, we deduce by this heuristic 
argument that ®(t, T) — F(t, T) > 0. The difference P(t, T) — F(t, T) is called the futures 
convexity correction. 

A more detailed analysis of the futures convexity correction is given in Hunt and 
Kennedy (2004). When the interest rate is random, then the money market account is also 
random. We state here the following general result, which makes precise our earlier heuristic 
argument. Its proofis beyond our scope. 


Result ®(t, T) — F(t, T) is proportional to the covariance between the asset price Sr and 
money market account Mr. In particular, if the asset price Sr and money market 
account My are independent, then P(t, T) = F(t, T). If they are positively correlated, then 
®(t,T) -F(t,T) > 0. 


The covariance between the asset price and the money market account is proportional 
to (T — t), so typically the convexity correction is greater for futures contracts with longer 
maturities. The convexity correction tends to zero as t approaches T. 

The most liquid futures contracts in the world are futures on US treasuries (the bond 
future) and German government bonds (the bund future). Here, the bond price and 
interest rate are almost always negatively correlated. (Can you think ofa situation when this 
may not hold?) Therefore, the bond price and money market account are negatively cor- 
related, and so in general ®(t, T) - F(t, T) < 0. However, since most liquid bond futures 
have maturities of three months or less, the size of this convexity correction is often small. 


5.3 Futures on libor rates 


One common type of futures contract are those linked to libor rates, in particular 
Eurodollar futures on three-month US dollar libor, short sterling futures on three-month 
sterling libor and Euribor futures on three-month Euribor. 
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Note In a particularly confusing case of market terminology, Eurodollar futures have 
nothing to do with the euro dollar FX rate. 


Note To create more confusion, Euribor (Euro Interbank Offered Rate) is a subtly differ- 
ent interest rate to euro libor. The mechanism for setting euro libor is similar to that 
for US dollar libor or sterling libor: the rate is set at 11am in London, based on a poll of 
rates from 15 international contributor banks active in the London interbank market. 
Euribor is a complementary rate established by the European Banking Federation, set 
at llam in Brussels, one hour earlier than libor. A broader panel of 43 mostly European 
banks is used. Small differences may occur between Euribor and euro libor, due to the 
different credit quality of the banks in the two panels. Most European interest rate 
derivatives—and in particular Euribor futures—reference Euribor not euro libor. 


The Eurodollar futures contract with settlement date T is defined by its price at maturity 
(T, T) = 100(1 - Lr[T,T +a]), 


where Lr[T, T + a] is the three-month dollar libor rate. For example, if three-month dollar 
libor on the maturity date of the futures contract fixes at 1.25%, then the futures price at 
maturity is 98.75. 

Eurodollar futures trade with quarterly maturities out to ten years, maturing on IMM 
dates (see Chapter 1), the third Wednesdays of March, June, September and December, 
plus monthly maturities for the first four intermediate months. One Eurodollar contract is 
defined to have a ‘tick size’ of $25. That is, if we are long one future and its price moves 
from 98.75 to 98.76 (equivalent to an interest rate moving by one basis point, 0.01%), 
then the mark-to-market gain is $25. We can thus consider the effective notional of one 
Eurodollar futures contract to be $1 million, since one basis point of $1 million multiplied 
by a daycount fraction of one quarter equals $25. The notional size varies for different 
futures contracts, for example, the effective notional of a short sterling future is £500,000. 
Having precise knowledge of the exact contract specification for each futures contract 
is essential, and many trading mishaps have resulted from incomplete knowledge of the 
characteristics of a contract. 

The holder of a long position in a Eurodollar futures contract receives positive variation 
margin when forward interest rates go down, and the futures price goes up. Forward interest 
rates and the money market account are usually positively correlated. Therefore, a long 
Eurodollar position receives money early when interest rates are low, and pays out money 
early when rates are high. Thus, the Eurodollar futures price will typically be lower than the 
forward price. Specifically, we have 


O(t,T) < 100(1-L,[T,T+a]), 


and thus 


(: E P(t, T) 


-Lı|T,T +æ] > 0. 
CD) LIT T +a! 
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This quantity is known as the Eurodollar convexity correction. 


Note As of July 2012, the December 2015 futures contract (then currently the fourth 
outstanding December contract) has price 98.925. The forward libor for that date is 
1.04%, so the convexity correction is 3.5bp. Which is the better predictor of where 
libor will be in December 2015? 


Note Eurodollar and other futures contracts on short-dated interest rates are often referred 
to by a colour code. The first four quarterly contracts are called the whites (or 
fronts), followed by the reds (the second four quarterly contracts), blues, greens, golds, 
purples, oranges, pinks, silvers and coppers. Contracts beyond the golds are typically 
less liquid and thus the colour coding beyond the golds is used infrequently. As of July 
2012, the December 2015 contract would be referred to as ‘blue December’. 


Note Early in my finance career, I tried to persuade my boss that the Eurodollar convexity 
correction should be zero. I had a proof that the forward price equals the futures price, 
I claimed, being eager to show off my mathematical acumen. It was humbling to have 
it pointed out that the proof depended on interest rates being constant; hardly a valid 
assumption for Eurodollar futures, which move continually. 


Since the convexity correction is proportional to the covariance of 1 — Lr[T, T + œ] and 
the money market account, it tends to be larger for long-dated Eurodollar futures such as the 
blues and golds, than for the reds and greens. In addition, given we know that the determina- 
tion of forward libor does not depend on the distribution of Lr[T, T + a], we can conclude 
that the price of the Eurodollar future does indeed depend on this distribution. In particu- 
lar, futures contracts have non-zero ‘vega’ exposure, meaning that their price is a function 
of the standard deviation of the underlying rate. We explore the concept of vega further in 
Chapter 10. 


$4 EXERCISES 


1. Eurodollar futures versus FRAs 


(a) Suppose in September 2011 we observe that the Eurodollar futures prices for the 
March 2012, June 2012 and September 2012 contracts are all 98.00. Consider 
FRAs with these three maturities. Which FRA is likely to have the lowest rate? 

(b) Suppose in September 2011, the March 2013 Eurodollar contract is 97.25 and the 
FRA for this date is quoted at 2.65%. If you are told that the futures price will not 
move over its life, what trade would you do? How about if you were told the FRA 
rate would not move? 


46 | FUTURES CONTRACTS 


2. Futures on bonds and stocks 

(a) Is the futures price of a fixed rate bond likely to be higher, lower or the same as its 
forward price? Give brief reasoning. 

(b) Is the futures price (for a futures contract with maturity T < To) ofa floating rate 
bond likely to be higher, lower or the same as its forward price? How does your 
answer change if T = To? 

(c) Is the futures price of a stock likely to be higher, lower or the same as its forward 
price? 


No-arbitrage principle 


In this chapter we formalize the no-arbitrage and replication arguments used when determ- 
ining forward prices. These arguments have intuitive appeal, and become a powerful 
component of the pricing machinery for more complicated derivative contracts such as 
options. Whilst the definition of arbitrage and arbitrage portfolios in continuous time (in 
particular when infinitely many trades can be made) is non-trivial, the key ideas behind no- 
arbitrage can be well established in the discrete setting, and we proceed accordingly here. 
As mentioned, finance is in practice executed in discrete time and value. 


6.1 Assumption of no-arbitrage 


Let the value at current time t of a portfolio A of assets be denoted V“(t). 

For some future time T > t, the value of the portfolio V4(T) is a random variable, and 
we can write its value as V4(T, «;) for the sample outcome w;. Here, we assume there is a 
discrete sample space of possible outcomes at T, denoted by Q = {w;} fori € I, a discrete 
index set. 

A portfolio A is an arbitrage portfolio if its current value V“(t) < O and, for some T > t, 
VA(T) > 0 for all states of the world, with V4(T) > 0 with non-zero probability. That is, 
an arbitrage portfolio satisfies V4(T, œi) > 0 for all i, and Plo; : VA(T, @;) > 0} > 0 for 
some j. 

The assumption of no-arbitrage—that is, there exist no arbitrage portfolios—underpins 
quantitative finance. This assumption is often informally restated as the phrases ‘there is no 
such thing as free money’ or ‘one cannot get something for nothing’. 


Example The portfolio A consisting of short one forward contract with maturity T at 
the forward price F(t, T), a loan of S, and long one stock is an arbitrage portfo- 
lio if F(t, T) > SeT», since V4(t) = 0 and V4(T, wi) = F(t, T) - Se"? > 0 for 
all i. The assumption of no-arbitrage thus implies that F(t, T) < Sie" T, A similar 
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argument gives F(t,T) > S,e""-), Therefore, the no-arbitrage assumption allows 
pricing of forwards with no assumptions about the distribution of the stock price Sr. 


6.2 Monotonicity theorem 


Monotonicity theorem. Assume no-arbitrage. If portfolios A and B are such that V (T, w;)> 
V®(T, @;) for alli, then V4(t) > V(t). Ifin addition V4(T, œ) > V? (T, wj) for some 
j with P{w;} > 0, then VA(t) > V? (t). 


Proof Apply the no-arbitrage assumption to the portfolio C = A — B. This assumes we can 
go short—hold negative amounts of assets—at will. We have 


V°(T,@;) > 0 forall i. 


If V°(t) = -e < 0, then a portfolio of C plus € of cash is an arbitrage portfolio, since 
it has zero value at time t and necessarily positive value > € at time T. So we conclude 
that 


VEC > 0 => VA(t) > V(t). 


In addition, if V°(T, @;) > 0 for some j with P{w;} > 0, then V(t) > 0, else C itself 
is an arbitrage portfolio. [z] 


Example A derivative that has non-negative payout at T has non-negative value at all times 
t < T. We have provided a formal argument for an almost tautological result. 
We now can immediately prove an important corollary. 


Corollary to monotonicity theorem. If V4(T,@;) = V? (T, œi) for all i, then V4(t) = 
vF(t). 


This corollary is the formal statement of the replication argument from Chapter 2. We refer 
to the monotonicity theorem and its corollary repeatedly later in the book. 


Example If Z, and Z, are ZCBs with the same maturity T, then Z(t, T) = Z(t, T) for 
all t. The proof is obvious since Z; (T, T) = Z2(T, T) = 1. 


Example Let us revisit the FRA, where we considered two portfolios. Portfolio A consisted 
of one ZCB maturing at T and —(1 + wK) ZCBs maturing at T + œ, plus a libor deposit 
at time T at rate Lr[T, T + a]. Portfolio B consisted of long one FRA with a fixed rate 
K. Hence 


VA(T +a) = V3(T +a) = a(L7[T, T +a] -K). 
Therefore, 


VA(t) = V? (t) forallt < T +æ. 
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Note that portfolio A had a dynamic element, namely investing the one unit of cash from 
the ZCB maturing at T in a libor deposit at time T. This strategy can be carried out at zero 
cost, since the deposit is at the current market libor rate, without any asset of non-zero value 
being added to or subtracted from the portfolio. Such a strategy is termed self-financing. 
The trading strategy that showed the futures price equalled the forward price was also self- 
financing, since it involved trading futures at the then current futures price. Going long a 
forward at its forward price, paying fixed on a swap at the forward swap rate or borrow- 
ing money at the current interest rate are all self-financing trades. We formally need to 
include the self-financing condition in our definition of an arbitrage portfolio. Otherwise, 
for example, the portfolio which is empty at time 0 but to which cash € > 0 is added 
(without any liability) would trivially be an arbitrage portfolio. It is important to understand 
the differences between an empty portfolio which borrows cash € at the current interest rate 
r for time T, and an empty portfolio to which € cash is added. The latter is not self-financing. 


6.3 Arbitrage violations 


The assumption of no-arbitrage is a fundamental foundation of quantitative finance. 
Assuming no-arbitrage, we are able, for example, to order derivative prices via the mono- 
tonicity theorem based on knowledge of their payouts at maturity. The edifice of quant- 
itative finance was constructed upon this assumption and we will adopt it throughout the 
remainder of the book as we build our theory and results. 

However, financial markets in practice have a tendency to challenge foundational 
assumptions, and key challenges for the field have often arisen from occasions when no- 
arbitrage arguments were violated. As mentioned in Chapter 2, the period of the financial 
crisis following the Lehman Brothers bankruptcy in particular contained several examples 
of extreme price movements and violations of arbitrage bounds that stunned seasoned 
practitioners. We examine here one stark and relatively straightforward instance from 
2008-2009. A further example is detailed in Chapter 13. 


Example Consider again the example of two bonds with the same maturity date. Figure 6.1 
shows the difference in yield, measured in basis points, between two US government 
bonds, both of which have maturity date 15 August 2015. We can see these bonds 
generally traded with a very small yield differential until late 2008. During the finan- 
cial crisis, however, their yields diverged dramatically and remained apart for several 
months, essentially violating our result Z; (t, T) = Z2(t, T). The yield differential nor- 
malized following government policy responses in early 2009. Further details of this 
episode and possible explanations for the observed prices are given in Taliaferro and 
Blyth (2011). Note that the data are yields of coupon bonds, but these can easily be 
restated in terms of ZCB prices. 


Note I like to draw an analogy here with pure mathematics. Underpinning set theory 
is an assumption about choosing elements from an uncountably infinite number of 
sets called the axiom of choice. Given this axiom, it is possible to establish a coher- 
ent theory which allows, for example, the ‘well-ordering’ of the real numbers; that is, 
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Figure 6.1 Yield difference between two bonds with August 2015 maturity 


that any non-empty subset of the real numbers has a least element under a particu- 
lar ordering. Without the axiom of choice, set theory becomes far more complex and 
messy. In finance, the assumption of no-arbitrage plays an analogous role, allowing the 
establishment of bounds on and ordering of derivative prices. Without the assump- 
tion, quantitative finance becomes far messier, and it becomes hard to order derivative 
prices. The financial crisis of 2008-2009 gave a flavour of what finance could look like 
without its own ‘axiom of choice’. Further discussion is given in Blyth (2011). 


64 EXERCISES 


1. Arbitrage portfolios 
Which of the following necessarily imply a violation of the no-arbitrage assumption? 
Assume T > Oand € > 0, and that all portfolios are self-financing. 


(a) A portfolio which has value € today, and value 2€ at time T. 

(b) A portfolio which has zero value today, and expected positive value at T. 
(c) A portfolio which has value —€ today, and zero value at T. 

(d) A portfolio which has value —€ today, and expected positive value at T. 
(e) A portfolio which has zero value today, and value € at T. 
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(f) A portfolio which has zero value today, and positive value at T for some sample 
outcomes with positive probability. 


(g) A portfolio which has zero value today, always non-negative value at T, and positive 
value at T for some sample outcomes. 


(h) A portfolio which has zero value today, always non-negative value at T, and 
expected positive value at T. 
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Options 


We now introduce options, our second key class of derivative, which provide the building 
blocks for a broad range of derivative products. 


7.1 Option definitions 


A European call option with strike or exercise price K and exercise date or maturity T on an 
asset is the right—but not the obligation—to buy the asset for K at time T. The execution 
of this right is termed the exercise of the option. 

Since we would only opt to pay K for an asset worth Sr if Sr > K, the payout g(Sr) ofa 
call option at time T is 


Sr-K ifSr> K 


0 ifSr < zt = max {Sr - K,0} = (Sr - K)*. 


The payout ofa call option with strike 100 is shown in Figure 7.1. 
A European put option is the right to sell the asset for K at time T. The payout of a put 
option at time T is 


K -Sr ifSr < K 
0 ifSr > K 


| = max {K - Sr, 0} = (K - Sr)”. 


Figure 7.2 shows the payout of a put option with strike 90. 
A straddle is a call plus a put of the same strike and maturity, and has payout |Sr - K|. 
From simple beginnings, a world opens up. 


A European option allows exercise only at T. 
An American option allows exercise at any time t < T. 


A Bermudan option allows exercise at a finite set of times To, ..., Ta < T. 
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Payout of 100-strike call 
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Figure 7.2 Payout ofa put option 


European options are common on FRAs, and known as caps and floors (Chapter 12). 
American options are common on stocks, and we investigate these in this chapter. 


Bermudan options are common on swaps, where they underlie mortgages and callable 
bonds (Chapter 13). 
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At time t, a call option with strike K at maturity T is said to be: 


at-the-money if S; = K; 


in-the-money if S; > K, that is, if the call option would have positive value if the stock 
price remains unchanged until maturity; 


out-of-the-money if S; < K, that is, if the option would be worthless if the stock price 
remains unchanged. 


Note The phrases ‘call with strike K’, ‘call struck at K’, ‘K-strike call’ and ‘K call’ are used 
interchangeably. 


At time t < T, a call option is struck at-the-money-forward (ATME) if K = F(t,T), 
in-the-money-forward if K < F(t, T) and out-of-the-money-forward if K > F(t, T). Note 
that an option which is ATMF at time t may not be ATMF at subsequent times. 

The intrinsic value of an option is its payout were we able to exercise it now. Thus the 
intrinsic value of a call is max{S; — K, 0}, and of a put is max{K — Ss 0}. An option is in-the- 
money if it has positive intrinsic value. 

Let us attempt a naive initial valuation for a call option. Suppose Sp = 50, and consider 
a one-year call option struck at 60. Suppose there are three possible states of the world at 
time T = 1, denoted w1, Œz, 3, such that S;(@;) = 110,70, 40 for i = 1, 2, 3 respectively. 
The call option payout is 50, 10, and 0 in the three states respectively, as shown in Figure 7.3. 

Suppose each outcome has probability 1/3 of occurring, so the expected option pay- 
out E(S; - K)* = 20. Suppose further that Z(0, 1) = 0.95. The discounted present value of 
the expected payout is Z(0, T)E(Sr — K)* = 19. Is this a plausible candidate for the option 
price? 

If the option price were indeed 19, we could sell one option, borrow an additional 31 of 
cash and buy one stock. This portfolio consisting of long one stock, short one call and a loan 
of 31 has zero value at time T = 0. 

At T = 1 we must repay 31/Z(0, 1) = 32.63 on the loan. The portfolio has the val- 
ues 110 — 50 — 32.63 > 0, 70 — 10 — 32.63 > 0 and 40 - 32.63 > 0 in states a), @2, W3 
respectively. Therefore, it is an arbitrage portfolio, and we conclude that an ad-hoc model 
for option pricing can rapidly lead to arbitrage. 


Payout of 
60-strike call 
S,=110 50 
So =50 S,=70 10 
S,=40 0 


Figure 7.3 Call option payout 
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Before we attempt further to develop a framework for arbitrage-free pricing of options, 
we investigate a range of option properties. 


7.2 Put-call parity 


Let Cx(t, T) be the price at time t of the European call, and Px(t, T) be the price of the 
European put, with strike price K and maturity T. 


Result 
Cx(t, T) > Oand Pg(t, T) > 0. 
Proof The result follows immediately from the monotonicity theorem using the facts that 
Cx(T, T) = (Sp - K)* > Oand Px(T, T) = (K-Sr)* > 0. E 


Recall from Chapter 2 that F(t, T) is the forward price for a forward contract with matur- 
ity T, Vg(t, T) is the value at time t of the forward contract with delivery price K, and we 
have the relationship 


Vr(t, T) = (F(t, T) - K)Z(t, T). 
We now prove put-call parity, which relates the prices of the call and put of the same 


strike with the value of the forward. 


Result (put-call parity). 
Cx(t, T) = Px(t, T) = V(t, FẸ): 


Proof Consider a portfolio of long one call and short one put, both with strike K and 
maturity T. At time T, the payout of this portfolio (see Figure 7.4) is 
Sr-K-0 ifSr> K 
0-(K-Sr) ifSr < K. 
So the payout is Sr — K, the payout of a forward contract. Therefore, by the corollary 


to the monotonicity theorem, the value of this portfolio at t < T equals the value of 
the forward contract at t. a 


Put-call parity states that long one call and short one put equals long one forward con- 
tract. Similarly, long one call equals long one forward and long one put. We can always 
convert from a call to a put by trading the forward, and we saw in Chapter 2 that the forward 
itself can be replicated by a holding of stock and cash. 
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Figure 7.4 Put-call parity 


For ATMF options put-call parity becomes 


Crtry (t, T)- Prem) (t, T)=0. 


That is, the price ofan ATMF put equals that of an ATMF call. This result is independent 
of any distributional assumptions and holds regardless of whether Sr is skewed to the left 
or right, or has any other unusual distributional features. 


7.3 Bounds on call prices 


Result The European call price on a non-dividend paying stock satisfies 
max{0, St = KZ(t, T)} < Cx(t, T) < St. 


Note We show in Chapter 10 that both upper and lower bounds are tight, that is, can be 
attained. 


Proof The upper bound follows immediately from the monotonicity theorem since 
Cg(T, T) = max{Sr — K, 0} < Sr. 
To establish the lower bound let portfolio A consist of long one call and K ZCBs 
with maturity T, and let portfolio B consist of long one stock. 
At T, if Sr - K > 0, the call is exercised (with value Sr - K) and portfolio A has 
value Sr. If Sr < K, the call expires worthless and portfolio A has value K at T. 
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Thus portfolio A has value at T equal to max {Sr, K} > Sr, which is the value of 
portfolio B at time T. Therefore, by the monotonicity theorem, 


Cr(t, T) + KZ(t, T) > Sic = 


Note that since Z(t, T) < 1, Cx(t, T) > S; - K, the intrinsic value of the option, and we 
have the following interesting corollary. 


Corollary The price of an American call and European call on a non-dividend-paying stock are 
equal. 


Proof Let Celt, T) be the price of the American call. 
Cx(t, T) > Cx(t, T) is obvious. 
To prove that Cx(t, T) < Cx(t, T), consider two cases. 


If the American call is not exercised before T, then clearly CHG T) = Cx(t, T). 


If the American call is exercised early, say at time t < T, then 
Cx(t,T) = S+- K < Cr(t, T). m 


The intuition behind this somewhat surprising result is that, regardless of when we exer- 
cise the American call, we end up with Sr at T. Therefore, we would rather pay the strike 
price K at later T than at some time t < T (which is equal to paying K/Z(t, T) > Kat T). 

The equality between American and European options does not hold for calls on a 
dividend paying stock. Here, by exercising early, we may receive dividends from the stock 
which we would not have received otherwise. American puts on stocks are also usually 
worth more than European puts, since by exercising early we receive the strike price K early 
and can invest this amount. In the exercises we establish bounds on put prices. 


7.4 Call and put spreads 


A call spread is a portfolio consisting of long one call option with strike Kı and short one 
call option with strike K3, both with maturity T, where Kı < K3. 
A call spread has value Cx, (t, T) — Cr, (t, T) at time t. At time T its payout equals 


0 if Sp < Ky 
Sr-K; ifKı < Sr < K, 
K -K; ifSr > K, 


as illustrated in Figure 7.5. 
Result If K, < K, then 
Cx, (t,T) > Cx, (t,T) and Px,(t,T) < Px, (t, T). 


In particular, the call spread and put spread have non-negative value for allt < T. 
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Figure 7.5 Call spread 


Proof The result follows immediately from the monotonicity theorem, since the call spread 
has non-negative payout at maturity T. Alternatively, if Cx, (t, T) < Cr, (t, T), then we 


can construct an arbitrage portfolio by selling one call with strike K, and buying one 
call with strike Ky. | 


Result If K, < K, then 


Cx, (t, T) - Cx,(t,T) < Z(t, T)(Ko - Ki) 


and 
Px, (t,T) - Px, (t, T) < Z(t, T)(K2 - Kı). 
Proof By put-call parity 
Cr, (t, T) - Pr, (t, T) = (F(t, T) - Ki) Z(t, T) 
and 
Cx, (t, T) - Prg, (t, T) = (E(t, T) - Ko) Z(t, T). 
Therefore, 
(Cr, (t, T) - Cr, (t, T)) + (Px, (t, T) - Px, (t, T)) = Z(t, T)(K - Kı). 


The first two terms are both non-negative. E 
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Result Combining the two previous results we have 
Cx, (t,T) < Cx, (t, T) < Cx, (t, T) + Z(t, T) (Ke - Kı). 
Note Since Z(t, T) does not depend on Kj or K, this result is equivalent to the mathem- 


atical statement that Cx(t, T) is a Lipschitz continuous function of K with Lipschitz 
constant Z(t, T). 


Alternative Proof A portfolio consisting of one call with strike K, and (K; — Kı) ZCBs with 
maturity T will have payout at T 


(Ky = Kı) + max{Sr = K, 0} = max{ Sy = Kı, 0}, 


the payout of a portfolio consisting of one call with strike K,. Therefore, the result 
follows by the monotonicity theorem. x 


We revisit call spreads in Chapter 11. 


7.5 Butterflies and convexity of option prices 


Result Let K, < K, à € (0,1), and let K* = AK; + (1 - A) Ky. Then we have 
Cx (t, T) < ACK, (t, T) + (1 g à)Cr (t, T). 
In other words, Cx(t, T) is a convex function of K. 


Proof For à € (0, 1), consider a portfolio consisting of À calls with strike Ky, (1 — À) calls 
with strike Kj, and -1 call with strike K*. At maturity T its value is 


0 ifSr < Kı 
A(Sr-Kı) ifK, < Sr < K* 
A(Sr-Kı)- (Sr -AKı - (1 -å)K2) = (1 -A)(K2 - Sr)  ifK* < Sr < K 
A(Sr - Kı) - (Sr -AKı - (1 - å)K2) + (1 -å)(Sr - K2) = 0 ifSr > K 


which is always non-negative. Hence, by the monotonicity theorem, its value att < T 
is non-negative, that is 


AC, (t, T) + (1 - A)Cx, (t, T) - Cre (t, T) > 0. i 


A portfolio of this form (or multiples of it) is called a call butterfly. We revisit them in 
Chapter 11, and see that they are closely related to probability density functions. Here we 
have shown by inspecting the butterfly payout at maturity, and a simple appeal to the mono- 
tonicity theorem, that Cx(t, T) is convex. In practice, the call butterflies most commonly 
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Figure 7.6 Call butterfly 


traded are usually of the form: +1 call with strike K1; -2 calls with strike (K, + K2)/2; and 
+1 call with strike K}. Figure 7.6 gives a typical example. 


7.6 Digital options 


A digital call option with strike K and maturity T has payout at T 


1ifS;>K 
0 ifS; < K. 


The payout ofa digital call is shown in Figure 7.7. 
A digital put option with strike K and maturity T pays 


1 ifSp <K 
0 ifSp >K. 


Note The terms of the digital contract usually specify precisely whether or not the payout 
is made when the asset price at maturity exactly equals the strike. In our definitions 
above, we have specified that the payment is indeed made. For continuous distri- 
butions, the likelihood of this happening is infinitesimally small, although in certain 
markets where there are elements of discreteness (for example, libor rates are often 
quoted to the nearest eighth of a basis point), the price between the two versions can 
differ meaningfully. 
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Payout of K-strike digital call 
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Figure 7.7 A digital call 


7.7 Options on forward contracts 


We now introduce options on forward contracts. The simplest versions are straightforward, 
yet subtleties soon arise. Their analysis provides a good exercise in understanding the pre- 
cise terms of derivative contracts. Options on forwards are particularly prevalent in interest 
rate derivatives, where the underlying variable is a FRA. 

Recall that a forward contract is an agreement to buy an asset at time T for fixed price 
K. Let C"! (t, T) be the price of a European call option with exercise date T on a forward 
contract, specifically, the right to enter at time T (at zero cost) into a long forward contract 
with delivery price K and maturity T. Note that the exercise date of the option and the 
maturity date of the forward are the same. 

At time T, the forward contract is simply a purchase of the asset. Thus the payout of the 
option at T is (Sr — K)*, equal to the payout of the European call on the stock. Therefore, 


CFK(t,T) = Cx(t, T). 


So the right to enter (at zero cost) into a forward contract with delivery price K equals the 
right to buy a stock for K. Similarly, 


PGT) = Pg(t, T), 


where P™ is the price of the option to enter at time T into a short forward contract with 
delivery price K and maturity T. 

Whilst European options on forwards are equal in value to European options on the 
underlying asset, American options on the forward contract can have different character- 
istics to American options on the asset. 


Result The price of an American put on a forward contract equals the price of a European put, 
that is 


P(t, T) = P™ (t, T) = Beh T). 
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Therefore, we have 
PF«(t,T) < Px(t,T). 
Similarly 
C": (t, T) SCG T) = Cr(t T). 


American options on forward contracts are equal in value to European options on for- 
ward contracts, which are equal in value to European options on the underlying asset. 
American puts on the underlying asset will, however, typically have greater value. 


Proof We will prove the result for puts. 

pF (t, T) > PF«(t,T) is obvious. To show pF (t,T) < P(t, T), suppose the 
inequality does not hold, and that PF«(t, T) - PF«(t, T) = € > 0. Then the portfolio 
consisting of long one European put, short one American put and a holding € of cash 
has zero cost. 

If the American put is never exercised, we do not exercise the European put, and the 
portfolio is worth €/Z(t, T) > 0 at T. If the American put is exercised early, then the 
portfolio now consists oflong one forward contract (with delivery price K and maturity 
T), long one European put on the forward contract and some cash. We can exercise the 
European put at T to go short an identical contract. Hence the portfolio again has value 
€/Z(t, T) > Oat T. Therefore, we have an arbitrage portfolio. a 


The contract underlying the American option—the forward contract with maturity T— 
and the option itself have no cashflows until T, hence the American put and call are equal 
to the European put and call, since no advantage can be gained by exercising early. This 
argument is similar to the reasoning why an American call on a stock paying no dividends 
has price equal to that of the European. However, the American put on a stock has price 
greater than or equal to the European put. 

The implicit strike on our option-on-the-forward is zero. The option is to enter the for- 
ward contract with delivery price K at zero cost. We can more precisely write Ge (t, T) for 
the price of this option, and we have Cc (t, T) = Cx(t, T). Note also that 


c (t, T) = Ck+k* (t, T). 


In words, the right to pay K* at T to enter into a forward contract, with delivery price K 
and maturity T, is the same as the right to pay K + K* to buy the stock at T. The exercises 
provide further examples. 


Example Options on FRAs—called caplets and floorlets, which we encounter further in 
Chapter 12—are usually all specified as European style. An American option on a FRA 
of fixed dates T to T + œ would be equal in value to the European option. Options on 
futures are more complex because of the variation margin of the contract, and thus are 
not strictly an option on a forward rate. American options on futures typically have 
slightly higher value than European options on futures. 
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We revisit options on forwards in Chapter 10, where the approach provides an elegant 
way to price stock options in the presence of random interest rates. 


78 EXERCISES 


For Questions 1 to 4, assume all options are European style with maturity T. A ‘K call’ is call 
option with strike price K. A ‘knockout’ option has payout zero if the defined event occurs. 


1. Ordering option prices by monotonicity theorem I 
Consider the following eight options I-VIII. Here, Kı < Ky < K3. 


I K; call 
I K; call that knocks out if Sp > Ky 
III K; call that knocks out if S; > Ky foranyO0 < t < T 
IV K; call that knocks out if Sr < Kı 
V K; call that knocks out if S < K; foranyO < t < T 
VI Kj, K; call spread (long one K; call, short one K; call) 
VII Digital call with strike K, and payout Ky - Kı 
VII Kı, K, K; call ladder (long one K; call, short one K; call, short one K3 call) 


For each of the pairs of A and B in Table 7.1, choose the most appropriate relationship 
between prices at time t < T out of =, >, < and ?, where ? means the relationship is 
indeterminate. 


Table 7.1 Relationship of A and B. 


A =,>,<or? B 
@ © oğ 
(b) I VI 
(c) II m 
(d) I IV 
(e) I Vv 
(f) I VII 
(8) VI VII 
(h) VII VII 
(i) 1 VIII 


G) II VII 
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2. Ordering option prices by monotonicity theorem II 
Consider the following ten options I-X. Here, K;,; = K; + £ fori = 1,2, for a constant 
B>O0. 


I K; call 
II K; put 
HI K3, K, put spread, that is, +1 K; put and -1 K, put 
IV Kı, Ky, K; call butterfly, that is, +1 Kj call, -2 K, calls and +1 K; call 
V K; call that knocks out if Sr > K2 
VI Digital call with strike K, and payout £ 


VII Kj, K; digital call spread, that is, a portfolio of +1 digital call with strike K, and 
payout ĝ, and -1 digital call with strike K; and payout 6 


VIII Digital put with strike K; and payout £ that knocks out if Sr < Kı 


IX A portfolio of +1 K; call and -2 K; calls, all of which knock out if S; < K; for any 
0<t<T 


X A portfolio of +1 K; call and -2 K; calls, all of which knock out if Sr > K3 


For each of the pairs of Aand B in Table 7.2, choose the most appropriate relationship 
between prices at time t < T out of =, >, < and ?, where ? means the relationship is 
indeterminate. 


Table 7.2 Relationship of A and B. 


A =,>,<or? B 
GY -f2 F 
(b) I m 
(c) m IV 
(d) IV Vv 
(e) Iv x 
(£) VII VII 
(g) m VII 
(h) IV VII 
(i) I IX 
G) I x 


3. Butterflies, condors and call ladders 


(a) Recall that a call butterfly with strikes (Kı, Kı + 6,Ki +28), for some fixed 
B > 0, is a portfolio consisting of +1 K; call, +1 (Kı + 2) call and -2 (K; + £) 
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calls. Using put-call parity or otherwise, restate the call butterfly as a portfolio 
consisting solely of puts. 


(b) A call condor is a portfolio consisting of +1 K call, —1 (K + B) call, -1 (K + 2) call 
and +1 (K + 38) call. Draw the payout of the condor, and express the condor as a 
portfolio consisting solely of call butterflies. 


(c) A call ladder consists of +1 K call, -1 (K + £) call and -1 (K + 28) call. What 
relationships hold between the prices at time t < T of the call ladder, butterfly and 
condor with common maturity T? 


4. Call spreads and digital options 
(a) Draw the payout profile for the following two call spread portfolios. 
(i) +1 K call and -1 (K + 1) call. 
(ii) +2 K calls and -2 (K + 0.5) calls. 


(b) By constructing a series of portfolios of call spreads and taking limits, prove that 
the price at time t of a digital call, with strike K* and payout 1, is given by 


ð 
-— Cr (t, T) |x, 
aK x (t, T) lk 


where |g» means the function is evaluated at K = K*. 
(c) Write down the equivalent formula for a digital put option in terms of put prices. 
(d) By examining the payout profile, derive a put-call parity relationship for the digital 
call and digital put. 
5. Bounds on European and American puts 


(a) Using put-call parity and bounds on a European call, or otherwise, prove that the 
price of a European put on a stock paying no dividends satisfies 


max {0, KZ (t, T) - S+} < Px (t, T) < KZ (t, T). 
(b) Prove that the price of an American put on the non-dividend paying stock satisfies 
max {0, K - S} < Px (t, T) < K. 
(c) Give an example to show that the American put can be worth more than the 


European put, that is, where immediate exercise of the American gives payout at 
time T strictly greater than the payout of the European. 


Hint Exercising early means the strike price K will be received early. Consider 
under which environments this will be preferable. 
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6. Options with different exercise dates 


(a) By considering a portfolio of ZCBs and a call option, prove that the price at time 
t < T ofa call option with strike K on a stock that pays no dividends satisfies 


Cx(t, T) > max{S, - KZ(t, T), 0}. 
(b) Hence prove that ift < Ti < To, 
C(t, T2) > Cr(t, Tı). 


Hint Consider the case t = T}. 


(c) Does the same result hold for puts? That is, prove or find a counter example to the 
statement 


Pr(t, T2) > Px(t, Tı) fort < Ti < Tp. 


7. Options on forwards 
Recall that CE (t, T) is the price at current time t of a European call, with maturity T 
and strike K*, on a forward contract with delivery price K and same maturity T; that is, 
the right to pay K* at time T to go long a forward with delivery price K and maturity T. 
Furthermore, PI% (t, T) is the value of the European put on the forward contract; that is, 
the right to receive K* to go short the forward contract with delivery price K. ets (tT) 
and Px (t, T) are the American-style versions of these options on forward contracts. 


(a) Which of the following assertions are true? Prove, or find a counter example to, 
each. 


(i) P(t, T) = Prae (t, T) 
(ii) C (t, T) = Cra (t, T) 
(iti) PE (t T) = Prie (t, T) 
(iv) CK (t, T) = Crer (t, T) 
(b) Prove that Py (t, T) < Prie (t, T). 


Hint For each put option consider when the amounts K and K* may be received. 
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PART III 
Replication, Risk-neutrality 
and the Fundamental Theorem 
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Replication and risk-neutrality 
on the binomial tree 


We now develop important concepts at the heart of quantitative finance, in particular the 
links between replication arguments, no-arbitrage and risk-neutral probabilities. A simple 
model, the one-step binomial tree, is rich enough to introduce and explore these key 
ideas. 


8.1 Hedging and replication in the two-state world 


Consider a one-step binomial (that is, two-state) world as shown in Figure 8.1, where a 
stock that pays no dividends has price 100 at time T = 0, and at time T = 1 can either 
increase by 20% to 120 (state A), or decrease by 10% to 90 (state B). 

Assume annually compounded interest rates are 10%, and consider a one-year call option 
with strike 110. Its payout at T = 1 in state A is 10 and its payout in state B is 0. 

Consider a portfolio consisting of short one 110-strike call and long A units of stock. At 
T = 1, the portfolio value in state A is -10 + 120A, and in state B is 90A. These are the 
same if A = 1/3. 

Therefore, the portfolio consisting of short one call option and long 1/3 stock, and the 
portfolio consisting of 30 zero coupon bonds with maturity T = 1, have the same value in 


S,= 120 
A 
So = 100 
r= 10% 
S; =90 
B 
L J 
T=0 T= 


Figure 8.1 One-step binomial tree 
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all states of the world at T = 1. By the corollary to the monotonicity theorem, they have the 
same value at time T = 0. Therefore, 


100 c Gps 
3 —\110\Y) SEL 


and so 


r eee 
110) = 33° 


We have thus priced the call option without any assumption about the probability of 
either state. This reasoning is sometimes called a hedging argument, since we have con- 
structed a portfolio of the call option and stock that has no risk—is hedged—to movements 
in the stock price. 

A complementary approach is to consider a replication argument. In a two-state world 
there must be a unique linear combination of the stock and zero coupon bond that agrees 
with the option value in both states at time T = 1, that is, a portfolio of A stocks and u ZCBs 
which matches the option payout at T = 1. In our example A and u satisfy the equations 


120A + u = 10 
90A+ pu =0 


with solution A = 1/3 and u = -30. Thus the replicating portfolio is long 1/3 stock and 
short 30 bonds, and by the corollary to the monotonicity theorem the price of the option is 
the value of this portfolio at time T = 0. So we have 


A (0,1) = 1 30 200 
nee 3 Il 33` 


We can think of this replication graphically. In the two-state world, a derivative of the 
stock with payout g(Sr) at time T can be represented as two points in the (Sr, g(Sr)) plane. 
There is a (unique) line connecting these points. Its intercept at Sr = 0 is the number of 
ZCBs in the replicating portfolio, and the slope is the number of stocks. 

The hedging argument constructs a portfolio of stock and option that is hedged to any 
movement in the stock price, that is, it uses the option and stock to replicate the bond. The 
replication argument constructs a portfolio of stock and bond to replicate the option. We 
could equally use a portfolio of option and bond to replicate the stock. There are two states 
of the world and thus any two linearly independent assets will span a payout at T = 1. 

If the option price is different to the price given by the replication argument, then we 
can construct an arbitrage portfolio. For example, if for some € > 0 the option price is € 
higher than the replicating price, then the portfolio consisting of short one option, long 
the replicating portfolio and a holding of € cash is an arbitrage portfolio. So the replication 
argument determines the only possible arbitrage-free price, though we have not yet shown 
that this price is in fact arbitrage-free. 

More generally, for a derivative with payout D(w,) in state A and D(ws) in state B, we 
can find the replicating portfolio by solving the linear equations 
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ASi(@a) + u = D(wa) and AS\ (wg) + u = D(@s). 


We explore this general case in the exercises. 


8.2 Risk-neutral probabilities 


Suppose in the example above, state A has probability p and state B has probability (1 — p), 
for 0 < p < 1. (Note if p = 1 or p = 0 there is an immediate arbitrage. You may want to 
write down the relevant arbitrage portfolios in these cases.) Then the present value of the 
expected value of the option payout is given by 


1 10 
Z(0,1)E(S, - K)* = 7 (i + 0(1-p)) = 7 


The unique value of p for which this expectation equals the only possible arbitrage-free 
price is p* such that 


10p* 200 2 
P —, hence p* = -. 
1.1 33 3 


Now consider the expected stock price 

E(S;) = 120p + 90(1 - p). 
Putting p = p* = 2/3 we have 

E,(S;) = 110 = 100(1 + r) 


where E, is the expectation using probability p* for state A. 

Thus we have a remarkable result. Using the probability p*, under which the present 
value of the expected option payout is the only possible arbitrage-free option price (found 
by the replication argument), the expected value of the stock price is its forward price (and 
its expected return is the interest rate r). The value of p* for which this holds is called the 
risk-neutral probability. 

We have shown that in this particular one-step two-state tree, the only possible arbitrage- 
free option price is the price given by risk-neutral pricing, that is, where prices are 
discounted expectations of payouts using the risk-neutral probability. 

There is nothing special about the numbers we used in this example. The result holds in 
general for an arbitrary one-step binomial tree and a general derivative contract maturing at 
T = 1. We prove the general case in Question 3. 

The terminology ‘risk-neutral probability’ captures the fact that these probabilities 
depend on the values the stock can take in the two states of the world, but not on the actual 
probability (or risk) of those states. 
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Note that we have 


Z(0,1) = Z(0, 1)E,(Z(1, 1)), a tautological result since Z(1, 1) = 1, 


So = Z(0, 1)Ex(S1) 
and 
Cx (0, 1) = Z(0, 1)E,(Cx(1, 1)). 


In other words, risk-neutral pricing holds for all the assets. The price of any contract is the 
discounted risk-neutral expectation of its payout at T = 1. 

By linearity of expectation, this must also be true for any linear combination of assets. In 
particular, ifa portfolio has zero value at T = 0, the expected value of its payout at maturity 
T = 1 is zero. So, either the portfolio is identically zero at maturity or, if it has positive value 
at maturity with positive probability, then it must also have negative value at maturity with 
positive probability. Therefore, it cannot be an arbitrage portfolio. Thus for the one-step 
binomial tree, if prices of contracts are discounted risk-neutral expected values, there can 
be no arbitrage. 

This argument holds regardless of the actual probability of an up move on the tree, since 
arbitrage is only defined using zero or non-zero probabilities. If arbitrage exists for some 
value of p, 0 < p < 1, it exists for all p. Similarly if no arbitrage exists for some 0 < p < 1, 
none exists for all p. So for the one-step binomial model, we have shown that the risk-neutral 
price is arbitrage-free. 


Summary The replication and risk-neutral pricing arguments we have explored in these 
two sections provide a powerful result. The replication argument determines that only 
one price can be free of arbitrage and that any other price is arbitrageable. Risk-neutral 
pricing demonstrates that this replication price is indeed arbitrage-free. Therefore, we 
have obtained a unique arbitrage-free price. 


We extend these key arguments underlying quantitative finance to multiple time steps in 
the next section. The arguments can also be extended to continuous-time models, although 
this theory is largely beyond our scope. However, in Chapter 10 we take the limit of the 
binomial tree and assume the arguments we developed in discrete time transfer to the 
continuous case. We do not discuss the mathematical conditions required. 


8.3 Multiple time steps 


Suppose we now have two binomial steps, as shown in Figure 8.2. We assume that the 
stock increases 20% or decreases 10% at each step, and annually compounded interest rates 
are a constant 10%. We could vary these assumptions at each step without altering our 
conclusions. However, the arithmetic would become messier without increasing insight. 
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Payout of 
110-strike call 
144 
34 
C 
120 
a 108 
100 D 0 
90 
B 
81 0 
E 
L L J 
T=0 T=1 T=2 


Figure 8.2 Two-step binomial tree 


Consider the value of a two-year 110-strike call. We will apply similar replication 
arguments as before at states A and B. 

The option value at state B is trivially zero. At state A, the replicating portfolio of A,4 
stocks and ua ZCBs with maturity T = 2 satisfies 


144), + Ua = 34 and 108A4 + Ua = 0. 


So 


34 
àa = — and = -102 
A 36 Ha 


and the option price at state A is given by 


34 1 680 
120 102 = 3 
36 1.1 33 
Therefore, the random variable C110(1, 2) has value 680/33 in state A and 0 in state B. 


We can then set up a replicating portfolio at time T = 0 of Ag stocks and 4o ZCBs with 
maturity T = 1, where we find that 


8 and 68 
= — an =-—. 
° 99 mssi 


The price at T = 0 of the two-year 110-strike call is thus 


jee (£) 68 (5) ( 34 ) 
99) (1.1)? 9) \ (1.1)? 7° 
The calculation of the option price is easier via risk-neutral pricing where p*, the probab- 
ility of an up move, is 2/3 at each node. Risk-neutral probabilities are (2/3)?, 2(2/3) (1/3) 


and (1/3)? for states C, D and E respectively, and thus the option price given by risk-neutral 
pricing is 
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+t 1 2 : 
CaaS AO 2B ASK) = G) a 


identical to that given by replication. We also see that 


vate 2\ /1 13 : 
E,(S2) = (5) 144 +2(3) (=) 108 + (=) 81 = 121 = 100(1 +1)”. 


The option price obtained by replication equals the risk-neutral price, that is, the dis- 
counted risk-neutral expectation of its payout. Under the risk-neutral probabilities, we also 
have E,(S2 | So) = So(1 +r). 

At each node of the tree the stock could only move to two possible values, hence exact 
replication is possible. Replication and risk-neutral pricing immediately extend to multiple 
binomial steps. 


8.4 General no-arbitrage condition 


Consider a general version of the binomial tree shown in Figure 8.3, where at each node the 
stock can move from price S,,_; either to price S, = S,_,(1 + u) or S, = S„-1(1 + d), where 
d < u. We assume the probability of an up move and a down move are both non-zero. Let 
the constant interest rate be r, and the size of each time step be AT = 1. (In Chapter 10 we 
will let AT become small.) 


Theorem The binomial tree is arbitrage-free <=> d < r < u. 


Proof To prove the right implication, we suppose r > u and demonstrate that we can con- 
struct an arbitrage portfolio. In particular, we sell one stock at time T = 0 for Sp and 
invest proceeds at r. At time T = 1 we have So(1 + r) of cash, and the short stock pos- 
ition is worth either Sọ(1 + u) < So(1 +r) or So(1 +d) < So(1+1). Therefore, this 
is an arbitrage portfolio since the probability of the stock price equalling So(1 + d) is 
non-zero. 


Spat = Spi. + 0)? 
S,-1(1 +u) =... 
Sp-1 << Sit =S,1(1 + u)(1 +d) 
S,.1 (1+) a, 
Spat =Sp-1(1 + 4)? 


Figure 8.3 Binomial tree 
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A similar argument applies ifr < d. We construct an arbitrage portfolio by borrow- 
ing So and buying one stock. 

To prove the left implication, consider all portfolios consisting of A stocks and ju 
bonds, with A, u € R, which have zero value at T = 0. We need to show that all such 
portfolios are arbitrage-free. 

The value of the portfolio at T = 0 is ASp + 4, and so portfolios with zero value 
must be of the form 


(A, 4) = (=. _v(1 +0), veR. 


Write V (1) for the value of the portfolio at time T = 1. 


(a) Ifv =0, then trivially V(1) = 0. 
(b) Ifv > 0, then if the stock goes down 


So(1 +d 
E 22 TE E 
So 
(c) Ifv < 0, then ifthe stock goes up 
So(1 
V(1) = yey) -v(1+r) <0. 
0 


Therefore, there can be no arbitrage portfolios since there is always a non-zero prob- 
ability of the portfolio having negative value at T = 1. Note that it is important for this 
argument that both states have non-zero probabilities. a 


Suppose the probability of an up move on each node is p > 0, then 


E(S, | So) = So (p(1 +u) + (1- p)(1 + d)) = So (1 + pu + (1 - p)d) 
= So(1 +r) 4> r= put (1 -p)d. 


Therefore, the risk-neutral probability p* is given by 


We have thus established the following equivalent conditions. 
Result No arbitrage portfolios —> d < r < u 4> 0 < p* < 1. 


That is, for the binomial tree, the absence of arbitrage portfolios is equivalent to the exist- 
ence of a unique risk-neutral probability p* under which prices are discounted expected 
values of the payout at maturity. 
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We can easily show that the replicating portfolio for a general derivative contract, with 
payout y in the down state and y + £ in the up state, y, $ € R, is A stocks and u ZCBs, 
where 


Therefore, the replication price is given by 


Ce a) 


This can be re-expressed as 


——(r'(v +8) -py 


the discounted risk-neutral expectation. Thus we have shown the equivalence of the 
replication and risk-neutral price in the general case. 

When we have n identical time steps, the risk-neutral probability distribution for S,, is 
binomial with 


P* (S, = So(l1 +uY (1+ d)") = ("ora -p*)" T forj=0,...,n. 
J 
For a derivative with payout g(S,,) at time n, its price at time T = 0 is, therefore, given by 


1 


1 = n\ xj Pee ' ME 
gy Ee) = apd (a = p*)g (So(1 + u(i + d)"). 


For a call option, g(S„) = (S, — K)*, and we can simplify this expression to some degree 
to obtain the Cox Ross Rubinstein formula (see Question 4). However, it is generally easier 
to take limits and work with continuous distributions. We do this in Chapter 10. 


8.5 EXERCISES 


1. Binomial tree: European and American puts 
Consider a two-step binomial tree, where a stock that pays no dividends has current 
price 100, and at each time step can increase by 20% or decrease by 10%. The possible 
values at time T = 2 are thus 144, 108 and 81. The annually compounded interest rate 
is 10%. 
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(a) Calculate the price of a two-year 106-strike European put using (i) a replication 
argument and (ii) risk-neutral expectation. 

(b) Calculate the price of a two-year 106-strike American put using replication, and 
hence verify that the American put has price strictly greater than the European. 

(c) Calculate the prices of a two-year 86-strike European put and American put. What 
is different to (b)? 

. Arbitrage on the tree 

A stock that pays no dividends has price today of 100. In one year’s time the stock is 

worth 110 with probability 0.75, and 85 with probability 0.25. The one-year annually 

compounded interest rate is 5%. 

(a) Calculate the forward price of the stock for a forward contract with maturity one 
year. 

(b) Calculate the price of a one-year European put option with strike 100. 

(c) Suppose you observe that the put option in part (b) has a market price of 4. 
Determine an arbitrage portfolio and calculate how much profit is generated at time 
T = 1 by this portfolio. 

. General two-state world 

A non-dividend paying stock has current price Sọ. In one year’s time there are two 

possible states of the world. The stock may be worth Sy in state A, or Sp in state B, 

with Sy > Sp. A derivative contract pays y + $ in state A and y in state B, for some 

y, B > 0. The annually compounded interest rate is a constant r. 

(a) What is the forward price for the stock? 


(b) Prove that the portfolio consisting of short one derivative and long A stocks is 
hedged—that is, has the same payout in state A and state B—if 


_ B 
Sy - Sp 


Hence prove by replication that the price of the derivative is equal to 


aq a > )) 


(c) Find the risk-neutral probability p* for state A. Hence calculate the discounted 
expected payout of the derivative under risk-neutral probabilities, and verify that 
your answer equals the replication price in (b). 

(d) What relationships must hold between Sy, Sp, So and r for the risk-neutral probab- 
ility to exist? What have we assumed about the actual probabilities of state A and 
state B? 

(e) If B = y(Sy/Sp - 1), what is the derivative contract? Verify the price (b) makes 
sense. 


(£) If B = 0, what is the derivative contract? Again, verify the price (b) makes sense. 
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4. Cox Ross Rubinstein formula 
In the n-step binomial tree, the discounted risk-neutral expectation of the option payout 
is given by 


1 T n . ; l 3 
—; "Y (1-p*)"7 g (So (1 +uY (1+ d)"7). 
arhh) (1p e(%(1+w +a”) 
Consider a European call option with maturity n where g (S,,) = (Sp — K)". By choosing 
m to be the least number such that 
So(1+u)"(1 +d)" >K, 


show that the call option price is given by 


K 
So B(n, a, m) - Gtr B(n, p*,m) 


where B(n, p, k) is defined to be equal to P(X > k) with X ~ binomial(n, p), and 


_ p(t) 
~ (l+r) ` 


Hint Use the fact that 


_(1=p*) (1 +4) 


ew) (1 +r) 


Martingales, numeraires 
and the fundamental theorem 


In this chapter we tie together our work on replication and risk-neutrality with the prob- 
abilistic concept of a martingale, to establish the fundamental theorem of asset pricing. 
The fundamental theorem precisely establishes the link between expected values and 
arbitrage-free prices. 


9.1 Definition of martingales 


A series of random variables Xo, X1,..., Xn... is a martingale if 
E(| X; |) < œ for all i, and E(Xns1 | Xos - - -p Xn) = Xn- 


If Xo, . - . , Xn is Markov—that is, P(Xn+1 | Xo, - - <, Xn) = P(Xn+1 | Xn), or X, captures all 
the information about the conditional distribution of X„+ı then the martingale condition 
becomes 


E(Xns1 | Xn) = Xn 


All processes we consider in this book are assumed to be Markov. By the tower law of 
iterated expectations, 


E(Xn1 | Xo) = E(E(Xns1 | X,) | Xo). 
Therefore, the martingale condition gives 


E(Xp+1 | Xo) = E(X, | Xo) = --- = Xo 
and E(X,, | Xm) = Xn for any m < n. 


A martingale is the probabilistic definition of a ‘fair game’, where the expected value of a 
portfolio’s value tomorrow is its value today. 
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X, is a martingale with respect to Yo, . . . , Y, if 
E(| X; |) < œ forall i, and E(Xys1 | Yn) = Xn. 


The process Yo,..., Y„ is called a filtration. One can think of this as the price information 
known at time n. In finance often Y, = S,,, the stock price, and we see shortly that the mar- 
tingale X, is often the discounted price of a derivative of the stock. Martingales play an 
important role in probability theory and finance (see the excellent Williams (1991) for a 
more detailed exposition). 


Result On the binomial tree E,.(S, | So) = So(1 +r)". 


Proof The statement holds for n = 1. We assume it holds for n — 1 and prove by induction. 
We have 


Ex (Sn | Sn =y) = y(1 + u)p* +y(1 + d) (1-p*) = (1 +1) 
and thus Ex (Sn | Sp1) = Spi(1 + r). 


Again by the law of iterated expectations 
E,(S, | So) = Ex (Ex (Sn | Sn-1) | So) = (1 +r) Ex (Sn-1 | So). 
We have proof by induction. a 
More generally, we have 
E, (Sy | Sin) = Sm(1 + rm) form < n. 
Recall that in Chapter 1 we defined M, to be the value of the money market account. 


In particular, Mọ = 1 and, if r is the constant annually compounded interest rate, 
M, = (1 + r)". We can rewrite our general result as 


Sn Sin 
E, | — | Sm | = — form < n. 
M, Mm 


Therefore, we immediately have the following. 


Result On the binomial tree, Sm/ M, the discounted stock price, is a martingale under the risk- 
neutral probability. 


Now note that the price of a call with maturity date n satisfies 


Cx(0,n) = aay ((S, —K)* | So). 
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In general we have 


Cx(m, n) =E, (2e n) | Sn) 
Mm M, 


and have established the following. 


Result On the binomial tree, the discounted call price Cx(m,n)/Mm is a martingale under the 
risk-neutral probability. 


We see that risk-neutral pricing is equivalent to the statement that ratios of prices to the 
money market account are martingales under the risk-neutral probability. 


9.2 Numeraires and fundamental theorem 


We now aggregate our results of the past two chapters into the following powerful result. 


Fundamental theorem of asset pricing. There are no arbitrage portfolios <=> there exists 
a risk-neutral probability distribution P* such that the ratios of asset prices to the money 
market account are martingales under P*. 


We have proved this result for the binomial tree and shown that the probability distribu- 
tion P* (determined by the binomial probability p* at each node) is unique. In particular, 
when interest rates are a constant r, and M, = (1 +r)”, the fundamental theorem on 
the binomial tree states that there are no arbitrage portfolios <=> derivative prices are 
discounted expected values of their payouts at maturity. 

There are two important extensions to the fundamental theorem. 

First, under suitable conditions, the result holds for continuous-time models. We will not 
attempt to prove this extension, although we will take the limit of the binomial tree as the 
number of time steps tends to infinity and assume results carry over to this limit. The general 
theorem in continuous time, a landmark result, was proven by Harrison and Kreps (1979). 

Secondly, the choice of the money market account as the unit by which we discount or 
rebase prices is unimportant. We call the rebasing unit the numeraire. In the case of the 
money market account, the numeraire can be thought of as ‘the price of time-t money’, that 
is, how much one unit of cash is worth at time t. However, there is nothing special about the 
money market account. Any positive asset can be used as a numeraire. The intuition behind 
the fundamental theorem is that no-arbitrage is equivalent to the ratio of two assets remain- 
ing the same (in risk-neutral expected value terms) over time—loosely speaking, one asset 
cannot on average grow faster than another. Provided we have two linearly independent 
assets (for example, the ZCB and the stock) then we can eliminate risk at each step of the 
binomial tree, and risk-neutral and martingale arguments apply. 

We restate a more general version of the fundamental theorem, which we do not prove 
here. 
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Theorem There are no arbitrage portfolios <=> for a given positive asset (with price N; > 0 
at time t) there exists a probability Q*, defined over the same set of possible outcomes, such 
that the ratios of asset prices to the numeraire N, are martingales under Q*. 


By ‘same set of possible outcomes’ we mean that the set of outcomes which have pos- 
itive probability are the same under Q* as under the actual probability distribution. In 
other words, the null sets of both probability distributions are the same; such probability 
distributions are called equivalent distributions. 

The probability distribution Q* will be different depending on the choice of the 
numeraire. We call Q* the risk-neutral distribution with respect to N;. If the numeraire is 
the money market account, we often call Q* simply the risk-neutral distribution (dropping 
explicit mention of a numeraire). We explore the change of numeraire in the next section, 
and in the exercises. 

The fundamental theorem means that, for a derivative of S, with maturity T and price 
D(t, T) at time t < T, no-arbitrage is equivalent to the statement 


DeD p, (PED 5) 


N, Nr 


where E, is the expectation under the risk-neutral distribution with respect to N;. 

So far, we have implicitly used the money market account as numeraire, which has the 
nice property Mo = 1. But we have also been assuming up to this point that r is a constant 
and Mr = e” is deterministic, so we could take it in or out of the expected value. In general, 
however, r and hence Mr will not be constant. We can navigate the complexity of random 
interest rates in an elegant manner by choosing an alternative numeraire, the ZCB with 
maturity T. Now N; = Z(t, T), which has the nice property Z(T, T) = 1. This holds regard- 
less of whether interest rates are constant. Note that this choice of numeraire depends upon 
T, the maturity of the derivative. Then we obtain 


D(t, T) = Z(t, T)E.(D(T, T) | St), 


where E, now is the risk-neutral expectation with respect to the ZCB numeraire. This 
expression, again a discounted expected value, holds even if interest rates are random, and 
becomes especially useful when we consider interest rate options in Part IV, when interest 
rates certainly cannot be assumed to be constant. 

Note that the forward contract with value Vx(t, T) is itself a derivative contract, and thus 
by the fundamental theorem Vx(t, T)/Z(t, T) must be a martingale. Therefore, 


ET es T) 


Zit) “AED | s.) = E, ((Sr - K) | S+) = Es (Sr | S+) - K. 


The fundamental theorem applied to the stock itself asserts that the ratio S,/Z(t, T) must 
also be a martingale under E,,, and so 


St _ 
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Combining these two results shows that the forward price F(t, T), the value of K such that 
V(t, T) = 0, is given by 


St 


F(t, T) = Ex (Sr | Se) = ZET) 


We have here derived the forward price for the stock simply using the fandamental 
theorem, without making any assumptions about the risk-neutral distribution or whether 
interest rates are constant. We had to be able to accomplish this, since we earlier derived the 
forward price directly from the current stock and ZCB prices without making any assump- 
tions about its distribution, or even about possible values for the stock price. It is reassuring 
that the two approaches (the link being the proof of the fandamental theorem) come up 
with the same result. We also have now, for the first time, identified the forward price as 
an expected value, in particular the expected value of the stock price under the risk-neutral 
distribution with respect to the zero coupon bond numeraire. 


9.3 Change of numeraire on binomial tree 


The one-step binomial tree again provides great insight as to how the risk-neutral distri- 
bution changes, as we change from one numeraire to another. We present the following 
worked example. 

Recall the tree in Figure 8.1, where So = 100 and Z(0, 1) = 1/1.1. At time T = 1, 
Sı = 120 or 90. Consider a one-year 110-strike call, whose price at time m we denote 
Ci10(m, 1) for m = 0, 1. Using the money market account as the numeraire, S,,/M,, and 
Ci10(m, 1)/M,, must both be martingales under the risk-neutral distribution p* = 2/3. In 


Ci0(1) _ 5 Cuo(1,1)\ _ 2 10 \ _ 200 
1 E M; 3J (L1 33’ 


where the notation E,« denotes the risk-neutral expectation with respect to the money 
market numeraire. 


particular, 


We now change to the stock numeraire. By the fundamental theorem, Z(m, 1)/Sm must 
be a martingale under the risk-neutral probability with respect to the stock numeraire. In 
particular, if q* is the risk-neutral probability with respect to the stock numeraire of state A, 


then we require 
1 1 4 1-q* 8 
T WEE 2 eee. 
1.1 100 120 90 11 


21) y (201) 
So o( Sı ) 


Equivalently, 
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where the expectation E is the risk-neutral expectation with respect to the stock 
numeraire. Now, C110(m, 1)/S,_ also must be a martingale under q*, so 


C180; 1) Croc) 8 10 200 
Sp z Co. eS &—. 
100 1 S; i) \i20) 7 110(0, 1) 33 


We have provided a simple illustration of a deep concept. We have two equivalent pairs 
(Mn, p*) and (Sm, q*) of numeraire and risk-neutral probabilities, either of which we can 
use to price derivatives consistently. The change of probability from p* to q* is sometimes 


called a change of measure. We found the probabilities by invoking martingale conditions. 
Prices of derivative contracts are the same under either pair of numeraire and risk-neutral 
probability. The only facts we used about the real world probabilities of the up and down 
states are that only two states of the world are possible at each node, and that both states 
have non-zero probability. 

The continuous-time analogue of the change of measure involves the Radon-Nikodym 
derivative and Girsanov’s theorem (see Hunt and Kennedy, 2004). 


9.4 Fundamental theorem: a pragmatic example 


Before we take the continuous limit, we will give a pragmatic, approximate example from 
continuous time that shows how the fundamental theorem leads to an intuitive form for 
derivative prices. By the fundamental theorem, we know that the call price 


Cx(t, T) = Z(t, T)Ex ((Sr —K)* | S) 


where E, is the risk-neutral expectation with respect to the Z(t, T) numeraire. We also know 
that the stock price satisfies 


eee Gees ee 
ZT) ` Cont '): 


Previously we determined the risk-neutral distribution uniquely from the possible states 
of the world on the binomial tree. We assume here without proof that an analogous pro- 
cess can be followed in continuous time. Consider a possible risk-neutral distribution of the 
form Sr | St ~ N (m, Y?(T - t)). Whilst we immediately note that this allows non-zero 
probability of negative stock prices, let us assume for the moment that this probability is 
negligibly small and that the normal distribution is a reasonable approximation to the risk- 
neutral distribution. In practice, approximate approaches like this can often be useful. Then 
we immediately have 


ZT) 


u 
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the forward price F(t, T). Writing F = F(t, T) we thus have 


va __@FP R 
Cx(t, T) = Z(t, T) J e wT) (x -KY dx. 


1 
-œ af 2 Wf TE 


This integral is familiar from the exercises in the preface. Change limits and use x - K = 
(x- F) + (F - K) to obtain 


Cx(t, T) = Z(t, T) (“eS aa x) o( aie )) 


WT -t 


where ®(.-) is the normal cumulative distribution function. 
Using put-call parity, it is straightforward to obtain put and straddle prices. Setting 
k = -5K (a normalized measure of how far in-the-money-forward the option is), we find 


JA 
that the straddle price equals 


Z(t, T) (=r T e? +kpVT—t(20(k) - v). 


Using Taylor series expansions for ®(-) and the exponential function, we show (see 
Question 7 in the exercises) that the straddle price is 


[2 k 
Z(t, T) YwNT-t (: + 55 + higher order tems). 
T 


For the at-the-money-forward (ATMF) straddle—that is, when K = F—the price simpli- 
fies to 


z(t, 1) [aut -t¥0.8 Z(t,T)WvT -t. 


This is a handy approximation for quick calculation of ATMF straddle prices. 


9.5 Fundamental theorem: summary 


Using the numeraire Z(t, T), the fundamental theorem allows us to write D(t, T), the price 
at time t of a stock derivative with payout D(T, T) at T, as 


D(t, T) = Z(t, T)E, (D(T, T) | St); 
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where E, is the risk-neutral expectation with respect to Z(t, T). If the derivative has payout 
D(T, T) = g(Sr) and the risk-neutral density is f (Sr), then the option price is given by 


DoT) = 206.7) f sAd 


This is an appealing result, and is often the point where derivatives professionals start 
their careers. On my first day in finance, I calculated an expected value then multiplied it by 
a discount factor. At the time it seemed a plausible approach to pricing derivatives, but in 
order to establish the result rigorously we needed the fundamental theorem. 

In the past two chapters on replication, risk-neutrality and martingales, we have been 
exploring rich areas of derivatives pricing theory. We showed that options can be replic- 
ated by a portfolio of stock and bond, and that the replication price equals that given by 
discounted risk-neutral expectation. These two elements form the heart of quantitative fin- 
ance. We showed the assumption of no-arbitrage is equivalent to the ratios of asset prices to 
the numeraire being martingales under the risk-neutral distribution. In particular, derivat- 
ive prices can be calculated by taking discounted expected values of the derivative payout at 
maturity. We proved this for the binomial tree, and showed how we can change numeraire 
and the associated risk-neutral distribution. 

In the next chapter we take the limit of the tree using the central limit theorem, and bridge 
to continuous time. It is often more elegant to work in continuous time where the manip- 
ulation of distributions and the calculation of the expected value of payouts is easier. We 
do not prove the fundamental theorem in continuous time. Instead we repeatedly appeal to 
the binomial tree proof and the intuition it provides, and assume that key results carry over 
to the continuous case. In particular, we do not concern ourselves with the mathematical 
conditions required to prove the fundamental theorem in continuous time. These condi- 
tions are almost always satisfied in the practical world, which is effectively discrete in time 
and value—for example, asset prices are only quoted to a finite number of decimal places. 


9.6 EXERCISES 


1. Binomial tree: change of numeraire 
Consider a one-step, two-state world where a stock has current price 100. After one 
year the stock is worth 110 with probability 0.8, and 90 with probability 0.2. One-year 
annually compounded interest rates are 5%. 


(a) Use the fundamental theorem to find the risk-neutral probability (of the stock 
being worth 110) with respect to the numeraires: (i) the money market account; 
(ii) the ZCB with maturity 1; and (iii) the stock. 

(b) Comment briefly on your answers to (a) (i) and (ii). In particular, can the risk- 


neutral probabilities with respect to the ZCB and money market account ever 
differ? 
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(c) By assuming no-arbitrage (thus Cx(m,1)/Nmm is a martingale for the appropriate 
numeraire and risk-neutral probability pair), price a one-year 105-strike call using 
the risk-neutral probabilities from (a) (i), (ii) and (iii). Verify the answers are the 
same. 


. Binomial tree: random interest rates I 


Consider the two-step binomial tree in Chapter 8 Question 1. However, now suppose 

that if the stock is at 120, then the annually compounded interest rate from time T = 1 

to T = 2 is 5%, not 10%. 

(a) Write down the value of the money market account M, at all states of the tree. 
Does the joint tree for (Sm, M) recombine? 

(b) By using the martingale condition for S,,/M,,, find the risk-neutral probabilities 
with respect to the money market numeraire M, at each node of the tree. 


(c) Hence by using the martingale condition for Z(m, 2)/Mm show that 


Z (0,2) = ($) Te 


(d) Use (c) and an appropriate martingale condition to prove that the risk-neutral 
probability, with respect to the numeraire Z(m, 2), of the stock having value 120 
at T = 1 is 44/65. Hence show that the risk-neutral probabilities of this state, with 
respect to the money market account and the ZCB with maturity T = 2, differ by 
2/195. Do you want to revisit your comments in Question 1(b)? 


. Binomial tree: random interest rates II 


A stock that pays no dividends has current price 100. In one year’s time the stock price 
is 120 with probability 0.7, and 90 with probability 0.3. If the stock price at T = 1 is 120, 
then the price at T = 2 is 150 with probability 0.5, and 110 with probability 0.5. If the 
stock price at T = 1 is 90, then the price at T = 2 is 110 with probability 0.6, and 80 
with probability 0.4. Annually compounded interest rates are 10%, except if the stock 
has price 120 at T = 1, in which case the interest rate from T = 1 to T = 2 is 20%. 

(a) Draw the two-step binomial tree and give the value of the money market account 

at each state. 


(b) Prove that the price Z(0, 2) at T = 0 of the ZCB with maturity T = 2 is 


1 850 
11/ (9/7 
(c) Find the price ofa two-year 120-strike European call option. 


(d) What is the risk-neutral distribution of the random variable Z (1, 2) with respect to 
the numeraire that is the ZCB with maturity T = 2? 

. Binomial tree: FX forward brainteaser, part 2 

Let X; be ‘cable’, that is, the price at t in dollars of one pound sterling. At T = 0 there are 

two dollars per pound (so Xo = $2.00). At T = 1, X; = $2.60 (state A) with probability 
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0.5, and $1.80 (state B) with probability 0.5. The one-year sterling interest rate rg and 

one-year dollar rate rg are 2% and 4% respectively, both annually compounded. Assume 

the accrual factor œ = 1. 

(a) Find A such that a portfolio of one $2.00 call and A pounds sterling has the same 
value in both states at T = 1. Hence prove that the price at T = 0 of the $2.00 call is 


(3) (5) (=) (= $0.17251). 


Hint It is often helpful to think of ‘£1’ as a stock (with, for example, price $2.00 
at T = 0). Remember this ‘stock’ pays interest, that is, your holding of it 


increases. 


(b) Hence show that the risk-neutral probability (with respect to the dollar money 
market account) of state A is 


OD EE- 


(1 + rs) 
dd + re) 


Verify that 


Ey (X) = Xo 


(c) Restate the one-step model for the FX rate in terms of Y, = 1/X;, the value in 
pounds sterling of one dollar. By setting 


(1 +re) 
Ep (Yı) = rn] 


find q*, the risk-neutral probability of A with respect to the pound sterling money 
market account. 

(d) Use q* to find by risk-neutral expectation the price of two £0.50 puts. Remember 
we are now working with a GBP asset so think of one dollar as a stock with price in 
pounds sterling. Is your answer the same as the price of the $2.00 call from (a)? 

5. Call price as numeraire 

A stock that pays no dividends has current price Sọ. In one year’s time the stock price 

is 111 with probability 0.75 (state A), and 75 with probability 0.25 (state B). Annually 

compounded interest rates are 10%. The one-year 70-strike European call has price 10 

at T = 0. 

(a) Write down the payout of the 70-strike call at states A and B. 


(b) Byusing a martingale condition for C79(m, 1)/M,,, find the risk-neutral probability 
of state A with respect to the money market numeraire. 


(c) 
(a) 


(£) 
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Hence, or otherwise, prove that Sp = 810/11 (= 73.64). 


Find the price ofa one-year 80-strike American put. For K > 0, write down a simple 
formula for the price of the one-year K-strike American put. 


By using an appropriate martingale condition, show that q*, the risk-neutral prob- 
ability of state A with respect to the 70-strike call numeraire, satisfies 


fit ay 
UNE ay 5 


Which of the following assets cannot be used as a numeraire in this binomial tree? 
I. The stock. 
II. The one-year 100-strike European call. 
III. A forward contract with delivery price 90 and maturity one year. 
IV. The ZCB with maturity T = 1. 
V. The one-year 115-strike European put. 


6. Martingales and trading strategies 


Your answer should comprise fewer lines than the statement of the question. 


(a) A trading strategy can be thought of as holding Aj; of asset X from time i toi + 1, 


(b) 


where Aj,; is a sequence of random variables. Total profit at time n + 1 is thus 
given by 


Yue = 5 Ais (Ximi - Xi). 


i=0 


Note Y is the discrete formulation of the stochastic integral f AdX, central to 
modern probability theory. The lack of ability to see into the future is expressed 
mathematically by stating that Aj,, is previsible, that is, it is a deterministic func- 
tion of X; known at time i. Show that if X, is a martingale, then for a previsible 
trading strategy 


E (Yn g Yn | Xa) = 0, 


and hence Y„+ı is a martingale. In other words, you cannot beat the system. 
Suppose there are J traders, each with trading strategy A®,j =1,...,J, not 
necessarily independent. Show that the total profit over all traders at time n + 1 


J 


Warsi = y 5 A Xini - Xj) 


j=l i=0 
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satisfies 
E (Wy - Wn | Xn) = 0. 


That is, a group cannot beat the system. 


(c) Suppose a trading period lasts until time n+ 1 and that a trader is then com- 
pensated by the formula A max{Y,,.1,0}, where 0 < A < lis the ‘payout ratio’ (for 
example, A = 5%). What strategy can two traders in collusion implement to ensure 
that between them they get paid, even if X is a martingale? How does the presence 
of a stop-loss affect this strategy? 

7. The normal model 

Show that if the risk-neutral distribution of Sr is given by Sr | Se ~ N (F, Y?(T - t)), 

where F = F(t, T) is the forward price, then the price of a K-strike straddle is approxim- 

ated by 


2 T-t 


2 
2,0) 2wvF (14t ) wherek = = 


Hint You may use your results from Question 1(b) and Question 4 in the preface. 


10 


Continuous-time limit 
and Black-Scholes formula 


In this chapter we develop a framework that allows us to appeal to the central limit theorem 
and take the limit of the binomial tree as step sizes become smaller. We investigate two 
particular limiting cases which give rise to lognormal distributions for the stock price Sr, 
first under the real world probabilities and secondly in the risk-neutral case. 


10.1 Lognormal limit 


Suppose that the actual probability of an up or down move on the binomial tree is 1/2. This 
assumption turns out to be unimportant to the results but makes the arithmetic neater. We 


mabe (5) 
n = 108 
Sn-1 


so Sn = Sp 1e". Compare this to the multiplicative return l, such that 


define the logarithmic return 


_ Sn a Sn-1 
7 Sn-1 


ln 


and S„ = S,1(1 + 1,). Then 


a- log(1 +u) with probability 1/2 
"| log(1+d) with probability 1/2. 


Let Sr be the stock price at a fixed maturity T, and suppose there are N steps on the 
binomial tree of size AT, with T = NAT. Define 


S 
Yr = log (2). 
0 
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and let E(Yr) = uT and Var(Yr) = o°T for some u, o. We will take limits under the con- 
straint that the mean and variance of Yr stay fixed as we increase the number of time steps 
N. In particular, u and d will depend on AT as we change the step size, although we will 
suppress this dependence in notation. Now, 


S S S 
Yr = log Sr - log So = log NAT Nis log ay eee log SAT 
So S(N-1)AT So 


=AytaAysit+... +À; 


where the A; are independent and identically distributed (IID) with 
T 2 
E(A,;) = Hae AT and Var (A;) = 0 AT. 
Given À; is a random variable that can take only two possible values, we must have 


i 


_ | HAT + ov AT with probability 1/2 
-~ | wAT -ov AT with probability 1/2. 


That is, we have log(1 +u) = WAT +0 VAT and log(1 +d) = wAT - oV AT. So we 


can write 
log Snar = log S(y-tyar + HAT + OVATE, 


where € = +1 with probability 1/2. Therefore, 


N 
1 
log Sr = log So + uT + o V T—— Si 
m 


where the § are IID 1 with probability 1/2. Letting N — on, the central limit theorem 
gives 


log Sr = log So + uT + o\/T W, where W ~ N(0, 1). 


Therefore, Sr is lognormally distributed in this limiting case. The term ø is called the 
volatility of the stock. We can alternatively write 


Sessi e Ttov TW 
and we have (see Question 2(a) in the preface) 


E(Sr|S0) = Soe” T0, 
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10.2 Risk-neutral limit 


On the binomial tree with time steps of length AT, the risk-neutral probability is given by 


ok 


_rAT-d 
p = u-d ’ 


where r is the constant interest rate for the term of the step. On this tree 
log(1 +u) = uAT +oVAT, 


and so for small AT 


o? 3 
1+u=etATVAT = 74 PAT + ox AT + —aT+0(aT?). 


Similarly, we have 


2 
1+d=1+pAT-oVAT+ —aT+o0(aT?). 


Therefore, 


o? 3 
rAT-d "AT-UAT+0o VAT- <-aT+0(AT!) 


u-d 20 VAT =+0(AT?) 


J 


and we obtain 


; 
pr=-+ 2 | /AT+0(AT). 


We note the second term on the right hand side is an adjustment term to obtain the risk- 
neutral probability p* from the real world probability 1/2 of an up move. Our assumption 
that the latter is 1/2 simplifies the arithmetic, but is unimportant. The adjustment to obtain 
the risk-neutral probabilities would change accordingly. 

So under the risk-neutral probabilities, 


N N 
log Sr = log So + oa = log So + X (HAT + oVAT&;), 


i=l i=1 
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where the ;* are IID, 


E= +1 with probability p* 
i “| -1 with probability 1 — p*. 


Since NAT = T, we rearrange to obtain 


N 
1 
log Sr = log So + UT + o VT. i 25. 


The mean and variance of €* are given by 


B(E*) = v= (4 =) JAT 


o? 2 
and Var (6°) = E(P) - [EGAP = 1-7 = 1 (==>) AT. 


We now use the central limit theorem to give 


oO 


i r-u- to? 
FE ~n( vivar (=) ) as N > 00. 


Equivalently, as N — œ, 


: Te VT Ta) op eee N(0,1) 
n os + ~ A 
NAS = , where ; 
Substituting, we obtain 
1 
log Sr = log So + (: - žo?) T +o0V/TW, where W ~ N(0, 1). 
That is, under the risk-neutral probability, Sr is lognormally distributed with 
l 2 2 
E, (log Sr | So) = log So + | r- S T and Var, (log Sr | So) = o°T. 


The actual expectation u does not appear in the risk-neutral distribution. 
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Note that the risk-neutral expectation for log Sr differs from the expectation under the 
actual probabilities, but its volatility is the same. Under the risk-neutral lognormal limit, 


E,(Sr | So) = Soe”. 


The choice of current time t (above set to be zero) is unimportant and we have the general 
result that 


1 
log Sr | Se ~ N (oss; + (-- °°) (T-t),0o’(T- 9): 


10.3 Black-Scholes formula 
The fundamental theorem states that 
Cr (t, T) = Z(t, T)Ex ((Sr - K)* | Są). 


Furthermore, under the risk-neutral lognormal limit above we found that 


1 
log Sr | Se ~ N (oss; + (- 50°) (T-t),o°(T- 9). 


Rather than work with the lognormal density directly, it is easier to express the option 
payout in terms of Yr = log Sr, and use the normal density function to calculate the 
expected value. We can write 


Cx (t, T) = Z(t, T)Es ((e** - K)" | Si) 


__b-») 
e 202(T-t) dy, 


= Z(t,T) TaS K) 


1 
logK ~V 2TO0NT-t 


where 
1 3 
v = log S; + root (T -t). 


Note that the limits of integration on Yy run from log K to oo. 


Note This is the most important tail integral in finance, and I believe everyone should do 
it at least once. Revisiting it every couple of years after starting work on Wall Street is 
also a good way of keeping technically fresh. 


Result We obtain (see exercises) 


Cr(t, T) = S,® (di) - KZ(t, T) ® (d2), 
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where 


log (È) + (r + 407) (T -¢) 
ge SO 1 7) and dy = dy -oVT=1, 


the Black-Scholes formula. 


We can rewrite the Black-Scholes formula in the form 
Cx(t,T) = Z(t, T) (F(t, T)® (d1) - K® (d)), 


where both F(t, T) and K are ‘time T’ quantities, amounts that are exchanged at T, whereas 
Ss is a ‘time f’ quantity. 


Note Observe how the Black-Scholes formula, a continuous-time result, has a similar form 
to the discrete-time Cox Ross Rubinstein formula obtained in Chapter 8. 


The formula is named after Fischer Black and Myron Scholes who, along with Robert 
Merton, were pioneers of continuous-time finance in the 1970s. Black died in 1995— 
there was a sense of sadness and respect among options traders that day—but Scholes and 
Merton went on to win the Nobel prize in economic sciences in 1997 for their work on 
option pricing. 

We obtained the Black-Scholes formula by calculating an expected value, drawing on 
the fundamental theorem of asset pricing. This route via martingales and expected values is 
particularly appealing to probabilists. The original derivation in Black and Scholes (1973) is 
significantly different, and we outline alternative approaches to deriving the formula using 
stochastic processes, Ito calculus and partial differential equations in Chapter 16. 

The Black-Scholes formula is one element of quantitative finance that has penet- 
rated broader public awareness, featuring in general interest news as derivatives received 
heightened scrutiny during the financial crisis. In our exposition the formula has a straight- 
forward interpretation as the expected value of the option payout under the lognormal 
risk-neutral distribution. The formula enables one to translate between a particular under- 
lying dynamic for the asset—the limit of the binomial tree—and a unique arbitrage-free 
option price. Whilst plausible, there is of course no reason why in practice the risk-neutral 
distribution should be lognormal. In Chapter 11 we explore the key duality between option 
prices and probability distributions, and show that the Black-Scholes formula can still be a 
useful tool even when lognormality does not hold. 


10.4 Properties of Black-Scholes formula 


The Black-Scholes formula is easily coded, and a good understanding of its properties 
comes from graphs of its value as a function of S, for different volatilities. Figure 10.1 shows 
the price of a one-year call when r = 0, foro = 0.1, 0.2, 0.3, 0.4 and 0.5. 
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Black-Scholes price of one-year 100-strike call 


Payout at maturity = f 7 E y 
45 H — 10% ` ‘ 


Price 
N 
Ur 

T 


Fs aA : i fi 1 1 1 
50 60 70 80 90 100 110 120 130 140 150 


Stock price 


Figure 10.1 Black-Scholes call price 


We can analytically investigate several limiting cases. 


Result As S, > œ, Ọ (dı) > 1 and ®(d,) > 1, since log ($) —> 00. Therefore, as 
St > œ, 


Crht, T) > Si- Ke T9, 
the value of a forward contract. 


This makes sense since as S; —> 00, we are certain to exercise the call option, and thus 
the option price tends to the value of being long a forward contract. 


Result Aso — 0, 


g - eae) + (r+ NT-9 [= if log (S,/K) + r(T —t) > 0 


o/T—t -00 if log (S;/K) +r(T - t) < 0. 
The same result holds for dz. Therefore, 


Se - Ke” TD se Ke) 


T 
onl F if Se < Ke (T-9, 


As the volatility of the stock tends to zero, the stock price becomes deterministic, equi- 
valent to a holding of cash invested at rate r. If the stock is in-the-money-forward, then the 
call option becomes equivalent to a long forward contract. Ifit is out-of-the-money-forward, 
the call option is worthless. 
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Result Aso — œ, ®(d,) —> land ®(d,) — 0, and thus Cx(t, T) > S+. 


Recall the bounds on a European call that we obtained in Chapter 7, namely that 
max{0, S; - KZ(t, T)} < Cx(t,T) < Se 
Our results show that these upper and lower bounds are in fact tight and cannot be 
improved, since we have presented cases where the call price becomes arbitrarily close to 
the bounds. 


We can also derive a good approximation for the at-the-money-forward straddle price 
under Black-Scholes. Suppose 


K = F(t, T) (= se), 


then 


Cx(t, T) = Pg(t, T) = S,® (jovt r) S,® ( to vT E); 


Result Using a Taylor series expansion for the normal cumulative distribution function ®(-), 
we find that the straddle price is approximated by 


|2 UT =t 
SiovT —t (: a ) ) + higher order terms. 
T 


24 


Comparing to the straddle price under the normal distribution (Chapter 9) 


—— [2 
Z(t, T) y T-t = 
we find that there is a correspondence, 


o?(T-t) 


w <-> oF(t,T) (: ae! 


} or approximately y <—> oF(t,T), 


obtained by equating straddle prices. This is one pragmatic method practitioners use 
to switch between approximately equivalent normal and lognormal distributions, both 
of which are often utilized in practice as reasonable candidates for the risk-neutral 
distribution. 

As an example, suppose for a particular asset, the forward price F(t, T) = $50. A lognor- 
mal volatility of 15% corresponds approximately to a normal volatility (standard deviation) 
of $7.5 per annum. 


DELTA AND VEGA | 101 


10.5 Delta and vega 


The delta of an option is the partial derivative of its price with respect to the underlying 
asset price. Including explicitly here the dependence of the call price on the stock price S+, 
for small AS; we have 


ICx(t, T, St) 


Cx(t, T, Se + ASi) © Cr(t, T, St) + AS; 95 
t 


The delta measures how much the option price changes for small changes in the stock price. 
Under the Black-Scholes formula, 


dCK(t,T, S a EeP 
CU TS) oy) +5 5 Ph) - Ke”) P (adı oVT t). 
OS; OS; 


It is probably worth the discipline of doing this differentiation once. The last two terms 
involve use of the chain rule, although there is a simplifying trick, and eventually cancel 
to give 


dCx(t, T, S+) 


= (d). 
3S, (dı) 


We immediately conclude 


z dCx(t, T, St) < 
OS: 


The delta of a call under the Black-Scholes formula is shown in Figure 10.2. If the call is 
ATME with K = S,e"(T~), then its delta equals P(o vT - t/2). The delta of an ATME call 
under Black-Scholes is close to, but not equal to, 1/2. 

del T,S;) 
okt’ of stock 


is instantaneously hedged to movements in the stock price (compare to ee piséaiial tree 
delta hedge), and thus over a small time interval is a replicating portfolio for the money 


Note that a portfolio consisting of long one call and short an amount 


market account, growing instantaneously at rate r. This is the basis for deriving the Black- 
Scholes formula via partial differential equations, which we sketch briefly in Chapter 16. 
The vega (sometimes called kappa by those wishing to remain within the Greek alpha- 
bet) of an option is the partial derivative of its price with respect to volatility o, and 
measures the exposure of an option or other derivative contract price to movements in 
volatility. 
For a call option under the Black-Scholes formula, its vega is 


PCT) As SVT -tọ (dı) > 0, 
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Black-Scholes delta of one-year 100-strike call 


Delta 
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Figure 10.2 Black-Scholes delta 


where ¢(-) is the standard normal probability density function. Using a Taylor series 
expansion we find that the vega of an ATMF straddle equals 


2 o? 
Si,/ — | 1- — ] + higher order terms. 
T 8 


The vega of a call under the Black-Scholes formula is shown in Figure 10.3. 

The vega of a call, put or a straddle is positive. Such a position is often termed as being 
‘long vega’. The holder of a straddle, for example, would want volatility to go up. We intro- 
duce, therefore, the concept of trading volatility, buying a straddle if one believes volatility 
is likely to increase. 

The vega of a forward contract, swap and FRA are all zero, since their value can be 
determined simply from the current prices of the stock or ZCBs. However, as we noted 
in Chapter S, the vega of a future is not zero. It will be positive if the underlying asset is pos- 
itively correlated with interest rates, since the convexity correction is proportional to the 
covariance. A long Eurodollar position, for example, is a short vega position. 

We know the vega of a long call position is positive, and that of a short call is negative, 
but what about the vega of a call spread, digital or butterfly? Intuitively, a contract is long 
vega if one would profit if volatility were to increase, and the stock be more likely to move 
more. For instance, the vega of a Kj, K call spread is positive when S; < Kj, and negative 
when S; >> Ka. The precise point at which the vega is zero will depend on the option 
pricing model. 
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Black-Scholes vega of one-year 100-strike call 
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Figure 10.3 Black-Scholes vega 


Similarly, the vega of a call butterfly changes from positive to negative to positive as S; 
increases from below the lowest strike to above the highest. 

One can calculate the vega analytically under the Black-Scholes formula for a range of 
option structures, simply by differentiating the price function with respect to ø. However, 
good intuition regarding the vega of call spreads, butterflies and other option structures 
can be obtained by inspecting the price graphs as a function of S, for different values of 
o. Figure 10.4 shows the price of a one-year 100, 110 call spread and Figure 10.5 the price 
of a one-year 90, 100, 110 call butterfly, for o = 0.05, 0.1, 0.15, 0.2 and 0.5. By observing 
how the price changes for different o we note, for example, that the vega of the butterfly 
at S, = 100 is negative and at S, = 65 is positive for the values of ø considered. However, 
around S; = 85 the price of the butterfly first increases as volatility increases, then decreases. 
In other words, the vega at S; = 85 can be either positive or negative depending on the level 
of o. Question 7 in the exercises explores the vega profiles of several option structures. 

Recall that put-call parity states 


Cx(t, T) - Px(t,T) = Vg(t, T) = S- KZ(t, T). 
Differentiating with respect to S;, we obtain 


OCx(t,T) dPx(t,T) =i 
aS, aS, 


Given that the delta of the ATMF call is not necessarily 1/2, the delta of the ATMF put and 
call will in general differ in magnitude. 
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Black-Scholes price of one-year 100, 110 call spread 
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Figure 10.4 Black-Scholes price of call spread 


Black-Scholes price of one-year 90,100, 110 call butterfly 
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Payout at maturity 


Price 


Stock price 


Figure 10.5 Black-Scholes price of call butterfly 
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Differentiating with respect to ø we obtain 


OCK(t,T) OPx(t,T) _ ‘i 
do do 7 


Therefore, the vega of a put always equals the vega of a call of the same strike and maturity. 
For the ATME strike K = F(t, T), we have Crer) (t, T) = Prory(t, T). However, note 
that 


OCET) (t, T) OP rr) (tT) 
OS; OS; 


since F(t, T) itself is a function of S;. 


10.6 Incorporating random interest rates 
We saw we could rewrite the Black-Scholes formula in the form 


Cx(t,T) = Z(t, T) (F(t, T)®(d1) - K®(d2)) 


log (=2) + to?(T -t) 
where d, = and F(t, T) = 


o/(T -t) 


This suggests an approach to pricing stock options when interest rates are random vari- 
ables and we can no longer assume that Z(t, T) = eT- for a constant r and for all t < T. 
First, note that by the fundamental theorem F(t, T) = S,/Z(t, T) is a martingale under the 
risk-neutral distribution with respect to the Z(t, T) numeraire. Secondly, in Chapter 7 we 
showed that the price of a T-expiry K-strike call on the stock equals the price of a call on a 
forward contract with delivery price K and same maturity T, since F(T, T) = Sr. Therefore, 
if we work solely with the forward price, and assume that the risk-neutral distribution for 
F(t, T) is given by 


St 


Z(t,T) 


HTT) bonia (ose T)) - Sour -1),0°(T - 0). 


then we obtain the Black-Scholes equation (again) while incorporating random interest 
rates. The key difference is that now o represents the volatility of the forward price, not the 
stock price. That is, we capture the joint random process of S; and Z(t, T) in the process 
for F(t, T). Working with the stock and interest rate (or ZCB) separately, when both are 
random, can often be challenging. 
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10.7 EXERCISES 


1. The Black-Scholes formula 


(a) Suppose for t < T, a stock that pays no dividends has risk-neutral distribution 
Sr | S: given by 


1 
log Sr|S; ~ N (v, eo (rs t)), where v = log S; + (-- 50°) (T -t) 


and r is the continuous interest rate. Prove that the price at time t of a K-strike call 
with exercise date T is given by 


Cr(t, T) = Z(t, T) (F(t, T)® (d1) -K® (d2)), 


where 


log ($ T- 
d, = este) Det uel T ee Pn er) 


oV/T-t 


Hint (i) Let Sr = e“ where Yr is normally distributed. (ii) Be careful about the 
range of integration for Y. (iii) Use the identity 


w- (y-(v+0? t)) 


202t 20?T 


e + zf a), where t = (T-t). 
(b) Use put-call parity to prove that the price Px(t, T) of a European put is given by 
Px(t,T) = Z(t, T)(K® (-d2) - F(t, T)® (-d,)). 


2. Aknockout option 


(a) Use your results from Question 1 to prove that, for A > 0, one call with strike 
AF(t, T) has the same value as A puts with strike F(t, T)/A. 


(b) Suppose that K, > K; and, at current time t, F(t, T) > K2. Use (a) to prove that a 
K,-strike call with maturity T knocking out if the forward price hits K; at any time 
before T has price at time t equal to 


Kı 
Cx, (t, T) - get T), 


for a particular strike K*. Find the expression for K* in terms of K, and K3. 


Hint Find a linear combination of a call and a put that has zero value at T* when 
F(T*, T) = Ky, where t < T* < T. 
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3. Power options I 
A K-strike power call is an option with payout (Sr - K} at time T if Sr > K, and zero 
otherwise. 
Use the fundamental theorem to calculate the price of a power call under the Black- 
Scholes model. You may use any result from Question 1. 
4. Power options II 
A capped power call is a K,-strike power call whose payout is capped at K, > Kj, that 
is, it has payout at time T 


0 ifSr < Kı 
(Sr- Kı) if Ky < Sr < Ky 
(Ky - K,)* ifSr > Ky. 


Capped power calls were briefly popular in derivative markets in the mid-1990s. 


(a) Write down (but do not solve) the integral expression for the price of the capped 
power call. 


(b) Suppose K; = 100 and K, = 115, and that you observe call option prices for K = 
100, 105, 110 and 115. By comparing the payout functions of the capped power call 
with linear combinations of calls, find upper and lower bounds for the price of the 
capped power call in terms of the four call prices. Is there a least expensive upper 
bound and a most expensive lower bound? If so, find them. 


5. The squared payout 
A derivative contract has payout at maturity defined by D(T, T) = S7, and price D(t, T) 
at current time f. 


(a) One trader states that the replicating portfolio for this derivative is a holding of S, 
stocks, and thus D(t, T) = S?. What is wrong with this argument? 


(b) Another trader states that the replicating portfolio is a holding of Sr stocks, and thus 
D(t, T) = S:Sr. What is wrong with this argument? 

(c) Suppose the risk-neutral distribution of Sr conditional on S, with respect to 
the money market numeraire, is lognormal (log S; + v(T - t),o7(T - t)), that 
is, log Sr | Se ~ N(logS, + v(T - t),07(T - t)). Use a martingale condition for 
Sr/Mr to find v in terms of ø and r, the constant, continuously compounded 
interest rate. 


(d) Use the fundamental theorem to write down, but do not solve, an integral expres- 
sion for D(t, T) involving a normal probability density function. 

(e) Suppose you are also told that the risk-neutral distribution of Sr conditional on S, 
with respect to the stock numeraire, is lognormal (log S; + y(T - t), o*(T -t)). 
Use an appropriate martingale condition, and the fact that 1/Sr is also lognormal, 
to find y in terms ofr ando. 


(£) Hence use the fundamental theorem to prove that, assuming the distribution in (e) 
holds, 


108 | CONTINUOUS-TIME LIMIT AND BLACK-SCHOLES FORMULA 


D(t, T) = S2e VT) 


6. Normal versus lognormal distributions 
Market participants often convert between normal volatility y and lognormal volatility 
o by adopting the approximate equivalence Yy <—> oF(t, T). We will investigate two 
others. 
(a) Setting K = F(t, T) = Se"), and using the Taylor series for ®(-), show that the 
Black-Scholes price at t of an at-the-money-forward straddle is approximated by 


sot (1 20-9), 


By equating this to the price of an ATMF straddle under the normal model with 
standard deviation w, find an equivalence between o and y. 


(b) Calculate Var(Sr) under the Black-Scholes model (Question 2(a) in the preface 
Q P 
may be useful), and hence find an equivalence between w and o by equating 
WY?(T - t), which is Var(Sr) under the normal model, to your answer. 


7. Vega and delta 
For each of the following positions I-X in Table 10.1, determine whether Bank A has 
vega > 0, Bank A has vega < 0, there is no volatility exposure, or the volatility exposure 
is indeterminate (‘?’). Similarly, determine Bank A’s delta with respect to the stock price. 


Table 10.1 Vega and delta of option positions. 


(i) Vega (ii) Delta 
Bank A position > 0, < 0,=0or? > 0, < 0,=0or? 
I long a K; call 
II short a K; put 
Ill short a K3, K, put spread 
IV longa K,, (Kı + Ry)/2, K: call butterfly 
V long a K, put knocking out if Sr < K, 
VI long a K, put knocking out if Sr > Kı 
VII short a K; call and long a K, put 
VIII long a K; straddle 
Ix short a forward contract on the stock 


X short a futures contract on the stock 
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All options are European with maturity T on a stock that pays no dividends, 
0< Kı < Ka. 
8. The Black-Scholes formula by change of numeraire 
Let S; be the price at time t of a stock that pays no dividends. 


(a) 


(b) 


Draw the payout functions for the two options 

(i) KIS > K} 

Gi) SrI{Sr > K} 
where I{} is the indicator function. Which linear combination of (i) and (ii) gives 
the payout of a call option? 

Suppose the risk-neutral distributions of Sr conditional on S; with respect to the 
money market and stock numeraires are given by the answers to Question 5(c) 
and (e), respectively. Price options (i) and (ii) in terms of the normal cumulative 
distribution function ®(-) using the money market numeraire for (i) and the stock 
numeraire for (ii). Hence derive immediately the Black-Scholes equation for the 
price of a call option. 
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Option price and probability duality 


In Chapters 2 and 3 we were able to determine the forward price and forward libor rates 
without any assumptions about the distribution of the random stock price or libor rate. In 
Chapter 7 we saw that the call option price did depend on the possible future states for the 
stock and hence its risk-neutral distribution. Here we derive the result that option prices in 
fact determine entirely the risk-neutral distribution of Sr. 


11.1 Digitals and cumulative distribution function 


For A > 0, consider a portfolio consisting of A (K, K + 1/A) call spreads, that is, long an 
amount A of K calls and short A (K + 1/A) calls. This portfolio has value at time t equal to 


A (Celt T) - Crt (t, T)), 


and has payout at time T shown in Figure 11.1, equal to 


0 ifSp <K 
A(Sr-K)ifK < Sr < K++ 
1 ifSr > K+}. 


As à — œ, the payout of the call spread tends to the payout of a digital call option struck 
at K, and we have established the following result. 


Result The price at time t of the digital call option struck at K equals 


dCx(t, T) 


li 2 ( ,T)- 1 ,T)) = 
ne Cx(t,T) Cr+ (t ) aK 
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Payout of A call spreads 


Payout 


K K+1/A 


Stock price 


Figure 11.1 Payout of A call spreads 


We know this price must be positive, either by using the monotonicity theorem applied 


to the digital call payout, or from our elementary properties of call prices. We can also price 
the digital option directly via the fundamental theorem. 


Result Defining the payout at T of the digital call option to be 
Dx(T, T) = I{Sr > K}, 


then by the fundamental theorem, Dx(t, T), its price at time t, satisfies 


Dx(t, T) D,(T, T) i 
Z(Ę4T) * ( Z(T, T) ) = E,(I{Sr > K}) = P*(Sr > K | Sẹ). 


The price of the digital is thus simply the present value of the probability of receiving a 
payout, namely the stock price being above K at T. 


Combining our results, we obtain 


1 0Cx(t,T) 
P* (Sp <K|S)=1+ ele Sane 
(Sr = K| Si) Z(t,T) dK 


We have thus recovered the cumulative distribution function of the risk-neutral distribution 
of Sr from call prices. 


We can differentiate again and obtain the risk-neutral density for Sr | S; given by 


1 @?Cx(t, T) 
fois) = Fea aaa h 


where the right hand side is evaluated at K = x. This has to be positive (as we require for a 
density function) due to the convexity of call prices. 
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For the Black-Scholes model 


P (Sr >K | S+) = P(logSr > logK | S;) 
log K - log S; - (r - $07) (T -t 
z o(* og S, - (r- 407) ( *) = 


oV/T-t 


Thus we obtain the result 


dCx(t, T) 


aK = Z(t, T)®(d), 


simply by comparing the payout at maturity of the limiting call spread with the digital call, 
and without differentiation. Note that the price of the digital call option under the Black- 
Scholes formula is not equal to 1/2 when K = S,e"7~, since for the lognormal distribution 
its mean S,e\7 does not equal its median. 


11.2 Butterflies and risk-neutral density 


For A > 0, consider the call butterfly defined as the portfolio consisting of 


à calls with strike K - ; 
2) calls with strike K 
à calls with strike K + i. 


This butterfly has payout at maturity T shown in Figure 11.2, and price at t given by 


A (Cus (t T) - Ce(t, T)) -à (C(t, T) - Crei (6 T)), 


Payout 


K-1/A K K+1/X 


Stock price 


Figure 11.2 Payout of A call butterflies 
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which we denote Bx, (t, T). For large A we can write 


dCx(t,T) OCx(t,T) 
ABg a(t, T) © aes aK lk- > a°Cx(t T) > 0O 
y d a. $ i 
re 0K? 
We also know that 
d°Cx(t, T) 
> : = z(t, T )fsp|s,(%), 
and thus for small + ; 
1 0?Cx(t, T) 1 
Bx,a(t,T)| ~ A aie = zZ, TYfsris, (x). 


The butterfly price equals the probability density times the (half-)width of the small 
triangle either side of K = x, or equivalently, the probability of Sr being in the interval 
K+1/A, multiplied by Z(t, T). Therefore, by trading butterflies we are trading probab- 
ility, in particular the risk-neutral probabilities of possible states of the random variable Sr. 
If a trader’s assessment of the actual probability of a possible state of the world differs sig- 
nificantly from the risk-neutral probability of that state implied by option prices, a trade 
opportunity arises. 


11.3 Calls as spanning set 


We have shown we can move from risk-neutral probabilities to call prices via the funda- 
mental theorem by 


C(t, T) = Z(t, T)Ex((Sr - K)* | St). 
And we can move from call prices to the risk-neutral density via 


1 0?Cx(t,T) 


Sori (#) = Z(t,T) ôK? 


x 


Thus we have established an elegant duality between the set of call prices with maturity T 
and the risk-neutral distribution of Sr. Knowledge of call prices with maturity T determines 
the risk-neutral distribution at T. 


Note Under the lognormal risk-neutral distribution, call prices are given by the Black- 
Scholes formula. We leave it as an exercise to verify that differentiating the Black- 
Scholes formula twice does indeed reproduce the lognormal density function. 
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There is an appealing dichotomy established by the two main derivative contracts we 
have encountered in the book so far, forwards and options. Forwards are as far one can go 
in developing pricing machinery without any distributional assumptions. Call options, on 
the other hand, tell us everything about the risk-neutral distribution at T. 

Call prices do not, however, tell us about the path of Sr» for T* < T. For example, if 
we observe call prices for two maturities T1 < Tz, we can determine the risk-neutral distri- 
butions for Sr, and Sr,, but would not be able to determine the distribution of Sr, - Sr,- 
Even knowing call prices Cx(t, T*) for all K and for all T* < T does not determine the ran- 
dom process for the stock price. Elegant work in stochastic processes by Dupire (1994) 
and Derman and Kani (1994) gives conditions for when such information does indeed 
determine the stochastic process for S;. 

The notion of calls as a spanning set can be seen in a variety of ways. We can picture 
how we might replicate any arbitrary payout g(Sr) at time T with a portfolio of calls. We 
demonstrate this rigorously in the exercises with an elegant use of an exact Taylor series 
that shows that any option payout at time T can be replicated by a linear combination of 
the ZCB, the stock and calls with strikes K > 0. 

We know we must be able to perform this replication since we are able to move from call 
prices to the price of an arbitrary derivative contract with payout g(Sr) by the route 


call prices — risk-neutral density —> E, (g (Sr)). 


11.4 Implied volatility 


The Black-Scholes formula is a one-to-one function between volatility and call price. In 
particular, given the observed call option price Cx(t, T), one can determine the volatility 
Ox that would give this price when entered into the Black-Scholes formula. This is known 
as the implied volatility. Implied volatilities are calculated numerically as there is no analytic 
solution to the inverse of the formula. 

In practice, implied volatilities for observed option prices of the same maturity but dif- 
ferent strikes are usually different. This does not mean we have the absurd inconsistency of 
simultaneously requiring a lognormal distribution for Sr with one volatility ox, for pricing 
call options with strike K,, and a lognormal distribution for Sr with a different volatility ox, 
to price options with strike K}. There can, of course, only be one risk-neutral distribution for 
Sr. Rather, different implied volatilities are a manifestation that the risk-neutral distribution 
for Sr is not lognormal. (If it were lognormal, one volatility would determine option prices 
for all strikes.) Practitioners use implied volatilities as an efficient way to capture option 
prices and hence the risk-neutral distribution via 


Black-Schol 
{ox; K > 0} Paekescholes {Cx(t, T); K > 0} <> risk-neutral distribution. 


The term volatility skew is used to describe the phenomenon that ox is not constant for 
all K, and hence that the risk-neutral distribution is not lognormal. 
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11.5 EXERCISES 


1. Calls as spanning set 


(a) For any twice-differentiable positive function g(x), prove by integrating the left 
hand side by parts that 


i (x — K)* g" (K) dK = g(x) - g(0) - xg’(0). 


(b) Hence, by taking risk-neutral expectations of both sides, show that the price at time 
t of a derivative with payout g(Sr) at time T is given by 


g(0)Z(t, T) +g’ (0) S: + Jl 7 Cx(t, T)g” (K) dK, 


where, as usual, Cx(t, T) is the price of a K-strike call. The first two terms give the 
price of what simple portfolio that approximates the derivative payout? 


2. Recovering the risk-neutral density 
Differentiate twice with respect to K the expression for the price of a call 


Cx(t, T) = Z(t, T) f (x-K)f (x) dx 


to find directly the risk-neutral probability density function f (x) in terms of Cg(t, T). 
3. Power call spanned by calls 

Use Question 1(b) to express the price of the power call (Chapter 10 Question 3) as an 

integral of call prices. 


PART IV 
Interest Rate Options 
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Caps, floors and swaptions 


Interest rate options are by far the largest options market in the world, and play a major role 
at the heart of the financial system. In the next few chapters, we introduce a range of widely 
traded interest rate derivatives, starting with European options on libor rates and swaps, 
known as caps, floors and swaptions. Together with swaps and forward rate agreements, 
these options constitute the $500 trillion notional of interest rate derivatives outstanding as 
of December 2011. 


12.1 Caplets 


A caplet struck at K on the libor rate Ly [T, T + a] has payout 
a max {Lr [T,T + a] - K,0} attime T+ a. 


That is, a caplet is a call on a libor rate. 

Here, and in Chapter 14, we will use the abbreviated notation Lr = Lr [T, T + a] forthe 
libor rate, and Ler = L [T, T + æ] for the forward libor rate. 

Let Cx(t, T) be the price at time t of the caplet expiring at T with strike K. We will use 
the notation a (t, T) only when we need to distinguish from a call ce (t, T). We have 


Cx (T,T) =a (Lr- K) Z(T,T +a). 


Note that both Lr and Z(T, T + œ) are random variables, unknown before T. 
Why is it called a caplet? Suppose a company borrows at libor from T to T + a, and owns 
a K- strike caplet on Lr. Then its borrowing cost is 


aLr if Lr < K 
aK if Lr> K 


and is thus capped at K. 
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Heuristically, we would like to take the discounted expected value of this payout, like we 
did when the random variable was Sr, the price of the stock. However, since 


Z(T,T +a) = 


l+aLr 


is itself a function of Ly, the expectation is a complicated function of the random vari- 
able Lr. 

Black (1976) approached the pricing problem by assuming Z (T, T + @) is a constant 
and can be taken out of the expectation (whilst keeping the libor rate Lr random), and 
approximating the caplet price by 


Cx (t,T) = Z(t, T +a) a@E(Lr-K)*. 


If one assumes Lr is lognormally distributed, then one obtains the Black-76 formula. The 
cap market—which is deep and liquid—adopted this formula for years, but a rigorous proof 
that this formula was not internally inconsistent did not come until two decades later, in the 
work of Miltersen et al. (1997) and Brace et al. (1997). 


12.2 Caplet valuation and forward numeraire 


We price the caplet in an elegant manner by a careful choice of numeraire. Recall that the 
fundamental theorem states that there are no arbitrage portfolios <=> there exists a risk- 
neutral probability such that ratios of asset prices to the numeraire are martingales. So far 
we have used the money market account M; and ZCB with price Z(t, T) as numeraires, 
which were convenient since Mo = Z(T, T) = 1. 

For caplets we simplify matters by considering the ZCB with maturity T + œ as the 
numeraire, so N; = Z (t, T + œ), motivated by the fact that, although the libor rate fixes at 
T, payments are made at T + œ. For the caplet, the fundamental theorem becomes 


Cx (t, T) 


——>— ~ = E, (&(Lr-K |L 
Z(t, T + a) + ( ( T ) | 1T), 


where E, is the risk-neutral expectation with respect to Z(t, T + œ), known as the forward 
numeraire. Thus we can indeed write 


Cx (t, T) = Z(t, T + a)&E, ((Lr — K)* | Ler) 


under this risk-neutral distribution. 
This formulation provides something else of importance. Note that 


_ Z(,T)-Z4T +a) 
E aZ (t, T +a) 


tT J 
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that is, the forward libor is itself the ratio of assets to the numeraire, therefore by the 
fundamental theorem must itself be a martingale. Hence we must have 


E,(Ly|Lir) = Liz, 


the forward libor known at time t. So if we choose a lognormal risk-neutral distribution with 
respect to the forward numeraire, it must be of the form 


1 
Lr | Ler ~ lognormal (iosta - se (T -t), o7(T - ») j 


under which we indeed have 
E,(Lr | Ler) = Ler. 
We hence obtain rigorously the Black-76 formula 
Cx(t, T) = Z(t, T + a)E, (Lr - K)* | Ler) = «Z(t, T +æ) (Lr®(dı) - K®(d2)), 
where 


p log (42) + $0°(T - t) 
oVT-t 


dı and dz = dı -oVT -t. 


A neat choice of numeraire has allowed us to treat the libor rate very similarly to a 
stock. Note that if the risk-neutral distribution of Lr with respect to forward numeraire 
Z(t, T + a) is lognormal, then its risk-neutral distribution with respect to the Z(t, T) 
numeraire may be complex. We briefly sketch how one might change from one probability 
distribution to another in continuous time in Chapter 16. 

A cap is a portfolio of consecutive caplets. In particular, a cap from To to T,, where 
Ti+1 = T; + @, isa series of caplets, with expiries To, T1, ..., T,_1 and payout dates T1, T2,..., 
Tn and is called a To by T, cap. The structure of a cap is shown in Figure 12.1. Again, 
typically we have @ to be three or six months. 


Expiration] Payment 1 
Expiration2 _ Payment 2 
Expirationn Payment n 
+4} > 


Last caplet H----------------------------------------------------------------------------------- 


First caplet + 
Second caplet + 


Figure 12.1 Acap 
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A floorlet struck at K on libor rate Ly has payout 
a max {K - Lr, 0} at time T + a. 
That is, a floorlet is a put on a libor rate. A floor is a portfolio of consecutive floorlets. A cap 


plus a floor of the same strike and dates is called a cap-floor straddle. 


12.3 Swaptions and swap numeraire 


Recall from Chapter 4 that the forward swap rate 


Z (t, To) -Z (t, Tn) ey L:LTi-1, T]aZ(t, Ti) 
yLTo, Tal = a n 
P, [To Ty] La aZ(t, T;) 


It is complicated to determine the dynamics of y,[To, Ta] in terms of the dynamics of 
zero coupon bonds or libor rates. But we can apply a similar elegant technique as used 
in caplet valuation. An appropriate choice of numeraire allows us to work directly with 
the distribution of the swap rate yr, [To, T,], conditional on y,[To, T„]. This allows us to 
take the pv01 term out of the expectation and to deal with the random variable y7,[To, Ta] 
analogously to Lr. 

We set T = To for ease of notation. A payer swaption, struck at K with expiry T on a swap 
from T to T, is the option to pay fixed K and receive libor on the swap. This is called a T 
into T,, —- T payer swaption. We display a swaption graphically in Figure 12.2. 

The swaption will only be exercised at T if yr[T, Ta] > K. If yr[T,T,] < K, then it is 
clearly preferable to let the swaption expire worthless rather than enter into a swap with 
negative value. One can always by definition pay fixed on a swap at rate yr[T, T,,] < K. 

A receiver swaption struck at K is the option to receive fixed K and pay libor on the swap. 
A swaption straddle is a payer and a receiver swaption of the same strike and dates. 


Swap length 


1 
i 
1 
1 
1 
1 
1 
i 
I 
4 


Figure 12.2 Aswaption 
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If we denote the price of the payer swaption at time t < T by Wx(t,T,T,,), then its 
payout at exercise date T is given by 


Wx(T,T, Tr) = (yr [T, Tn] - K)‘ Pr [T, Tr]. 


A payer swaption can be thought of heuristically as a call on a swap rate, multiplied by the 
pv0l term Pr[T, Ta]. 


Note Here, the exercise date and start date of the swap coincide. This holds for the vast 
majority of swaptions traded in the market, although does not have to be the case. 
For example, one could consider a swaption with exercise date T on a swap from time 
T* to T„, where T* > T. These are called midcurve swaptions. 


The swaption payout is similar to the caplet payout, with the swap rate analogous to the 
libor rate, and the swap pv01 analogous to the ZCB with maturity T + a. We will apply a 
similar approach to valuation. We pick P, [T, T„] as the numeraire, which is a positive asset 
being a sum of ZCBs. By the fundamental theorem, 


Wx (t, T, Ta) -E (= (T, T, Tn) 
P, [T, Ta] * Pr [T, Tal 


) = Ex (yr [T, Tn] -K)*, 


where Ex is the expectation under the risk-neutral distribution with respect to P;[T, T,,]. 
This is called the swap numeraire. 

Once again, y;[T, T„] is itself a ratio of assets to the numeraire, so must itself be a martin- 
gale under the risk-neutral distribution. If we choose a lognormal risk-neutral distribution, 
then we must have 


1 
yrlT, Tn] ~ lognormal (issir, T= 50 -t)o°(T- 9) 


and hence we obtain the Black formula for swaptions 
Wxlt, T, Tn) = P,[T, Tn] (LT, T„]®(dı) = K®(d2)) 


where dı and d, are exactly as in the Black-76 formula, with y,[T,T,,] replacing 
LIT, T +a]. 

As mentioned in Chapter 11, there is no reason why the risk-neutral distribution for the 
swap rate or libor need be lognormal. Similar to the Black-Scholes formula, the Black-76 
formula is a one-to-one function between volatility and option price. The presence of a 
volatility skew would indicate that the risk-neutral distribution is not lognormal. 


Note The simple notation T for the expiration does not capture the vital importance of 
the exact expiration date and time for a swaption trader. Throughout the 1990s, most 
swaptions were exercised by voice, meaning the owner of the swaption would need to 
call the seller of the swaption to inform them of exercise. The expiration of almost all 
US dollar swaptions is at 11am New York time, and every options trader would have a 
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visceral fear of forgetting to exercise, of looking at the clock and seeing 11.05am. Rare 
errors would typically be resolved between bank management, as both sides knew the 
situation could be reversed at some point in the future. Now, virtually all swaptions 
and other options are auto-exercised, meaning that they are considered to have been 
exercised (whether physical or cash settlement) if at the exercise date the option is in 
the money—for example, if yr[T, Ta] > K in the case of a payer swaption. 


12.4 Summary 


We summarize in Table 12.1 the interest rate options encountered so far, using the 
abbreviations Lr = Lr[T,T + w] and yr = yr[T, Ta]. 


Table 12.1 Summary of interest rate options. 


Name 

FRA 

Caplet 

Floorlet 

Cap 

Cap-floor straddle 
Swap (pay fixed) 
Payer swaption 
Receiver swaption 


Swaption straddle 


Description 


Call on Lr 
Put on Ly 
Series of caplets 


Cap + floor 


Call on yr 
Put on yr 


Payer + receiver 


Payout at T Usual numeraire 
a(Ly -K)Z(T,T + a) 


a(Lr - K)*Z(T,T +a) Z(t, T +a) 


a(K -Lr)*Z(T,T +a@) Z(t, T + a) 
Multiple Z(t, T; + a) 
Multiple Z(t, T; + a) 


(yr nex K)Pr[T, Ta] 


(yr - K)*Pr[T, Ty] P[T,T,] 
(K -yr)*PrlT, T] PT, Tal 
l K -yr l Pr[T, Ta P,[T, Til 


12.5 EXERCISES 


1. Black-76 formula 


Derive the Black-76 formula. That is, suppose the risk-neutral distribution under the 
forward numeraire is given by 


1 
Lr | Ler ~ lognormal (s1 - 50 -t), o?(T - ») : 
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Use the fundamental theorem to prove that the price of a K-strike caplet is given by 
Cx(t, T) = aZ(t, T+ a) (Lit ®(d1) = K®(d2)), 


where 


log (£2) + 407(T =t) 
d, = oe and d, = dı -04y (T - t). 


. Digital caplets 

Consider two possible candidates (I) and (II) for the risk-neutral distribution of Lr 

conditional on Ler. Both are distributions with respect to the numeraire Z (t, T + a). 

(I) Lr | Ler ~ lognormal (log Ler = $a? (T-t),o?(T- t)). 

(1) Lr | Ler ~N (u, W?(T - t)). 

(a) Assuming no-arbitrage, what is the value of u? 

(b) Calculate the price at time t of the digital caplet that pays a at time (T + œ) if 
Lr > K, and zero otherwise, under the two different models (I) and (II). 

(c) Calculate the vega of this digital caplet under the two models (I) and (II) — where 
vega is defined as 3 for (IL). For what values of K does the digital caplet have zero 
vega, for (I) and (II) respectively? 

(d) What are the prices of the at-the-money-forward digital caplet for (I) and (II)? 


Explain your answers in terms of the median of lognormal and normal distribu- 
tions. 
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Cancellable swaps 
and Bermudan swaptions 


One of the most important applications of interest rate options within financial markets 
are cancellable swaps. Cancellable swaps can be European style with just one cancellation 
date, Bermudan style with multiple cancellation dates, or American style with continuous 
cancellation dates (which in practice usually means daily). We here outline the construction 
of cancellable swaps using swaptions, and explore several features of Bermudan swaptions. 


13.1 European cancellable swaps 


Suppose we pay fixed K versus receiving libor on a swap from T = To to T,,, and we have the 
option to cancel at a single time T; > T for no cost. That is, if we cancel the swap at Tj, no 
subsequent swap payments are made and thus the value at T} is trivially zero. Therefore, we 
would cancel the swap at time T} ifand only if the swap rate yr, [T;, Ta] < K, since otherwise 
we would retain a swap of negative value. 

We can deconstruct the cancellable swap into a vanilla swap with fixed rate K from T to 
T» plus a T; into T, — Tj receiver swaption with strike K. The option to cancel the swap is 
precisely achieved by exercising the receiver swaption, which exactly offsets the swap from 
T; to Ty. 

The cancellable swap can also be deconstructed into a swap with fixed rate K from T to 
T; plus a Tj into T, - Tj payer swaption with strike K. Using this formulation, the act of not 
cancelling the swap is the same as deciding to exercise the payer swaption, both of which 
are done if and only if yr, [T; T,] 2 K. 

The equivalence of these two constructs, which are shown in Figure 13.1, also follows 
from put-call parity for swaps. At time t < Tj, a swap where one pays a fixed rate K from Tj; 
to T, is equal in value to being long a Tj into T, — T; K-strike payer swaption, and short a T; 
into T, — Tj K-strike receiver swaption. 

If the fixed rate K on the cancellable swap is equal to yr[T, T,,], the par swap rate at 
T for period T to T, then the cancellable swap must have positive value at T, since the 
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Plus receiver swaption 


Plus payer swaption 


Cancellation date 


Figure 13.1 Deconstruction ofa cancellable swap 


swap from T to T, has zero value by definition and the Tj into T, — Tj receiver swaption 
has positive value (except in the negligible case that volatility is zero and the receiver is 
out-of-the-money). 

The following question naturally arises. Is there a value K* of K for which the cancellable 
swap has zero value at T? Using our second deconstruction, the value of the cancellable 
swap is the sum of the value of the swap from T to Tj and the price of the T; into T, — T; 
payer swaption. If K = y7[T, Tj], then the swap has zero value and the swaption has pos- 
itive value, so the cancellable swap has positive value. If K > y7[T, T;] , then the swap has 
negative value. As we let K — oo, the price of the payer swaption decreases to zero. 

A mathematician can now appeal to the intermediate value theorem, which states there 
must exist K* > yr[T, Tj] such that the cancellable swap has zero value. Note from above 
that we also must have K* > y7[T, T„]. In the case of spot-starting swaps where T = 0, 
we call K* the T,, noncall T; (European cancellable) swap rate, ‘noncall’ indicating it is not 
cancellable until T;. 


13.2 Callable bonds 


Corporations issuing fixed rate debt often use swaps to exchange the fixed rate payments 
they are making on the bond for floating libor payments. It might be the case, for example, 
that investors prefer fixed rate bonds to floating rate bonds, but the corporate issuer prefers 
floating rate liabilities. By swapping a fixed rate bond as shown in Figure 13.2, the corpor- 
ation ends up paying an interest cost of libor plus or minus a spread. The fixed rate of the 


1 


K 
Swap dealer [———_—_~__Issuer Coupon c Investor 
Libor SS bs aA? 
1 
at maturity 


Figure 13.2 Swapping a fixed rate bond 
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1 


K* x 
Swap dealer [—~—_—_~|_Issuer Coupon c Investor 
Libor his Cow aar 
Swap cancellable at date T; 1 


at maturity or at call dates T; 


Figure 13.3 Swapping a callable bond 


bond is determined both by market interest rates and investor preference for the credit of 
the issuer. The swap rate, however, is essentially independent of the credit of the issuer. 

The company may alternatively issue a callable bond, which they have the option to 
buy back (or ‘call’) from the investor at 100% of the notional (or ‘par’) at a fixed time 
T; before maturity. In a similar manner to above, the company often will exchange these 
fixed payments for libor payments using a cancellable swap, as shown in Figure 13.3. The 
swap counterparty now has the right to cancel the swap at Tj. Typically, the issuer will 
automatically call the bond if the swap is cancelled. 

Why would a company issue a callable bond with coupon c* as opposed to a regular non- 
callable (also known as ‘bullet’) bond with coupon c? Indeed, why are callable bonds sucha 
popular instrument both for issuers and investors? 

Looking first at the economics of the two trades, suppose, as is typically the case, that 
both swaps are executed at time T at current market levels, so K = yr[T, Ty] and K* is the 
cancellable swap rate. Then the net funding cost for the company for the bullet bond is libor 
+ (c — K) and for the callable bond is libor + (c* - K*). The additional coupon (c* — c) an 
investor receives for buying the callable bond is often less than the difference (K* - K) = 
(K* — yr[T, Ty ]) between the cancellable and regular swap rates. The former incorporates 
investor preference for the two different types of bond, whilst the latter is based on the 
market price for swaptions. Whilst investors may often want a bond with a higher coupon 
and so are attracted to the callable version, they may not have properly assessed the extra 
coupon they should receive for selling the cancellation option. 


Note The optics of a callable bond can appear attractive to investors. For example, suppose 
a company can issue a two-year bond with a coupon of 5.00%, a five-year bond with 
a coupon of 5.20%, and a five-year noncall two-year European callable bond with a 
coupon of 5.45%, each bond being issued at par. The investor might conclude that the 
callable bond is attractive, since the investor beats the two-year rate 5.00% if the bond 
is called after two years, and beats the five-year rate 5.20% if the bond is not called 
and left outstanding for five years. However, if rates go down sufficiently for the bond 
to be called after two years, the investor receives 5.45% for two years, but then needs 
to reinvest the notional at the prevailing low rate. The investor thus bears significant 
reinvestment risk with the callable bond. 

In practice, it might be that the two-year swap rate is 4.50%, the five-year swap rate 
is 4.70% and the five-year noncall two-year rate is 5.00%. Then the issuer has improved 
their funding cost from libor+50bp to libor+4Sbp by issuing the callable bond. 
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13.3 Bermudan swaptions 


We now introduce the Bermudan swaption, which is my favourite interest rate option. 
Bermudans have an appealing combination of being easy to define, and yet possessing 
unexpected dimensions of subtlety. Pricing Bermudans in all their complexity is a rich field 
beyond our scope and still the subject of current research. In this book we develop a broad 
range of arbitrage bounds and model-independent results for Bermudans, which we can 
derive without advanced option pricing machinery. 

Let us first recap interest rate derivatives we have encountered so far. 

A swap is an exchange of cashflows where one counterparty pays a fixed rate K and 
receives libor each period from To to T,,. 

A Tp into T,, — To European payer swaption with strike K is the option at Tọ to pay K and 
receive libor from To to T,,. 

A To by T, cap with strike K can be defined as a portfolio of options at each T; to pay aK 
and receive libor æLr,[T; T; + a] at each T; + a. If To = 0, this is simply called a T„-cap. 

The libor rates referenced by a To by T, cap are the same as those referenced by a To 
into T, — To swaption. For example, a two-year into three-year (2yr-into-3yr) swaption 
references the same libor rates as a two-year by five-year (2yr-by-Syr) cap. 


Note A cap is sum of options on the libor rates Lr, [T; T; + a], whilst a swaption is an 
option on a weighted average of the same Lr, [T; T; + œ]. The relative value between 
these instruments forms a significant component of the interest rate derivative trading 
landscape. 


A To into T,, — To Bermudan payer swaption is the option at each T; to pay K and receive 
libor from T; to T,,, fori = 0,...,n — 1. Ifthe swaption is not exercised at T;, then the option 
continues. Once the option is exercised at a particular T;, all subsequent options disappear. 
That is, there are many exercise dates but only one option. 

Figure 13.4 shows the structure of a European swaption, a cap and a Bermudan swaption. 
We now establish a series of bounds on the price of the Bermudan in terms of (European- 
style) interest rate options. 


Swaption — +------------~ » , 
t 


Cap 


Bermudan j- 


Figure 13.4 A swaption, a cap and a Bermudan swaption 
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Let Wx(t, Tj, T,) be the price at time t of the K-strike European payer swaption, with 
exercise date Tj on swap from T; to T,,. 

Let Cx(t, To, T;,) be the price at time t of the Ty by T, K-strike cap. 

Let Bx(t, To, Tn) be the price at time t of the K-strike Bermudan payer swaption, with 
first exercise date Ty on a swap ending at T,,. 

We will assume for simplicity that the payment frequencies on all derivatives are 
quarterly, and hence our interest accrual factor œ = 0.25. In other words, we assume the cap 
is on three-month libor, and that all swaps have quarterly payments on the fixed side versus 
three-month libor quarterly payments on the floating side. (In practice, the frequency of the 
various options may vary.) 


Result 


(a) Cx(t, To, Tr) = Br(t, To, Tn) = gees Wx(t, Ti Ta). 


(b) 5 Welt, T; Tn) 2 Bx(t, To, Tn). 


0<i<n-1 


Result (a) shows that the Bermudan payer swaption can in some sense be considered as 
the intermediate option between the European payer swaption and the cap. 


Proof To prove an inequality, we assume it does not hold, and show that we can then 
construct an arbitrage portfolio. 

For example, we prove the second inequality in (a) as follows. Suppose 
Bx(t, To, Tn) < Vx(t, Tj, Ty) for some 0 < j < n- 1. Then we can sell the T; into 
T, — Tj European payer swaption and buy the Bermudan swaption, receiving a positive 
amount of cash. Equivalently the portfolio consisting of short one European swaption, 
long one Bermudan swaption and a positive holding of cash has zero value at time t. 

If the European is not exercised at time Tj, we do not exercise the Bermudan. We 
are left with a positive amount of cash. If the European is exercised at time Tj, we exer- 
cise the Bermudan at time Tj, setting up two exactly offsetting swaps. Once again, the 
portfolio is left with a positive amount of cash. Hence we have created an arbitrage 
portfolio. a 


The other results in (a) and (b) follow in a similar manner. This form of argument is a 
powerful application of the no-arbitrage assumption, and widely used to prove results of the 
form A > B. To do so, we assume A < B; we sell at B and buy for A; and we show that this 
portfolio can never have negative value. 


Note In 2009 during the aftermath of the Lehman Brothers bankruptcy, Bermudan 
receiver swaptions traded at a higher price than libor floors of the same strike and 
underlying dates. This meant that the elementary arbitrage bounds on Bermudan 
swaption prices developed here and in Question 2(a) were violated. The episode was 
a particularly vivid example of derivative prices during the financial crisis challenging 
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solid no-arbitrage arguments that practitioners had long taken for granted. Whilst the 
arbitrage bound violation lasted only a few days, it did nevertheless provide a caution- 
ary note regarding the foundations of derivative pricing. See Blyth (2012) for further 
discussion. 


13.4 Bermudan swaption exercise criteria 


Consider the decision at time T; whether or not to exercise the Bermudan swaption. 

If we exercise the Bermudan payer at Tj, we have a swap with value 
(yr,[Ti Ta] - K)Pr[Ti, Ty]. 

If we do not exercise, we have a Bermudan swaption with first exercise T;,, and with value 
Bx(T;, Ths Ta). 

Therefore, the exact exercise condition at time T;, as shown in Figure 13.5, is given by 


exercise Bermudan at T; <=> (y7,[T;, Ta] - K)Pr,[Ti Ta] > Be(Ti, Tri Tn). 


This is of limited use since we do not yet have a way of valuing the subsequent Bermudan 
option. In practice, we would attempt to build a tree for the evolution of interest rates and 
work backwards through the tree, in a similar manner to how we priced the American put 
on a stock on the binomial tree (see Question 1 in Chapter 8). 

However, we can make progress by considering model-independent exercise criteria, 
which depend only upon swap rates and European swaption prices observed at the exer- 
cise date. We have three tiers of model-independent criteria, all of which give conditions on 
when not to exercise the Bermudan. 


Result Do not exercise if yr, [Ti, Tn] < K. 
This is obvious since the subsequent Bermudan has non-negative value Bx(Tj, Tiri, Tn). 


Result We know that 


Bx(T;j, Tis, Ta) = | max ,Yx(T, T; Ta). 


i+1<j<n- 
Therefore, do not exercise if 


(yr, (Ti, Ta] a K) Pr, (Ti, Tal < max Yk(T;, T; Th). 


i+1<j<n-1 


or 


Figure 13.5 Bermudan exercise decision 
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That is, we do not exercise if the intrinsic value (the value of the underlying swap) is less 
than the most valuable of the subsequent European swaptions. 

In particular, the Bermudan exercise criterion, and hence its value, depends on the 
‘co-terminal’ or ‘diagonal’ swaptions with prices Yg(T; Tp Tn), j=itl,...,n-1. For 
example, the price of a one-year into nine-year Bermudan swaption depends on the price 
of the one-year into nine-year, two-year into eight-year, ..., and nine-year into one-year 
European swaptions. 

There is a further interesting model-independent exercise criterion, which does not 
depend in any way on option prices or levels of volatility. 


Result Do not exercise the Bermudan payer at T; if 
YT, [Ti, T;] < Kforanyi+1<j<n. 
Proof Suppose yr, [T;, Tk] < K for some k and consider two alternative strategies. 


A: Exercise the Bermudan payer at T;. 


B: Pay the fixed rate yr, [T;, Tk] and receive libor from T; to Ty, then exercise the 
Bermudan at T,. 


As shown in Figure 13.6, strategy B dominates strategy A, in the sense it always 
produces a portfolio of greater value. Therefore, it can not be optimal to exercise 
at T;. E 


The last result shows that the exercise decision for the Bermudan depends not only on 
the diagonal swaptions, but also on par swap rates to all intermediate exercise dates. Often 
models for pricing the Bermudan option do not explicitly incorporate the latter. We have 
several examples of Bermudan exercise criteria in the exercises. 


Note I once interviewed a finance professional who had run a Bermudan trading book 
at a major firm for many years. He refused to believe that the exercise criteria for a 
Bermudan involved the level of swap rates to intermediate dates, insisting that only the 
diagonal swaptions were relevant. This episode showed that practitioners can some- 
times get so involved in their markets and their sophisticated pricing models that 
relatively straightforward, model-independent results are overlooked. 


A Pay KT. + T 
[i 
n 
or 
Then pay K + 
B Payy[T;,T,]<Kr, — T, 
k 


Figure 13.6 Bermudan exercise decision 
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13.5 Bermudan cancellable swaps and callable bonds 


The concept of the cancellable swap extends naturally from the European to the Bermudan 
case. Suppose one pays fixed K and receives libor from To to T,,, with rights to cancel at T;, 
i=j,...,n—1.Forspot-starting swaps where To = 0, we call this a T,, noncall T; Bermudan 
cancellable swap. 

The Bermudan cancellable swap can be deconstructed into paying fixed K and receiving 
libor on a swap from To to T,, plus owning a T; into T, - Tj Bermudan receiver swaption 
with strike K. Cancelling the swap at some time T; is equivalent to exercising the Bermudan 
receiver at time T;, which would exactly offset future swap payments. If one does not cancel 
at T;, or equivalently does not exercise the Bermudan receiver, the options continue. 

Note that in contrast to the European case, we cannot deconstruct the Bermudan can- 
cellable swap using a swap where we pay fixed from To to T, plus a T; into T,- T; 
Bermudan payer swaption. To see this, suppose we are paying fixed on the cancellable swap 
and at time T; we decide to continue paying fixed—we would certainly do so, for example, 
if yr,[T;, Ta] > K. In the construct using a Bermudan payer swaption, we would need to 
exercise the Bermudan at time Tj, leaving no subsequent options to cancel. More generally, 
there is no put-call parity for Bermudans, similar to there being no put-call parity for an 
American option on a stock. 

As with the European cancellable swap, for the Bermudan there is a fixed rate K** for 
which the cancellable swap has zero value. There is no established convention for the nota- 
tion for this rate, given it should incorporate the current time t, the start and end date of the 
swap, plus the start and frequency of the cancellation options. Here we adopt the notation 
‘Snc2 Berm s/a’ to denote a five-year swap where one pays fixed with the Bermudan right 
to cancel after two years and semi-annually thereafter, and K{Snc2 Berm s/a} to be the 
cancellable swap rate, that is, the fixed rate such that the cancellable swap has zero value. 
Similarly, K{Snc3 Euro} is the cancellable swap rate for a five-year swap, where one pays 
fixed with the European right to cancel after three years. 

We can establish hierarchies for ordering Bermudan and European cancellable swap 
rates. The following illustrative examples give the key features. 


Result 


(i) K{6nc2 Berm q} > K{Snc2 Berm q} > K{Snc2 Berm s/a} > K{Snc3 Berm s/a} > 
R{Snc3 Euro} > five-year swap rate 


(ii) K{Snc3 Euro} > three-year swap rate 
(iii) K{Snc2 Berm s/a} > K{Snc2 Euro} > two-year swap rate. 


The intuition to these orderings is that one is prepared to pay a higher fixed rate for more 
cancellation optionality. An ordering can be established if one cancellable swap contains 
options to cancel which are a subset of another. Note, however, that it can be the case, for 
example, that 


K{Snc2 Berm s/a} < K{Snc3 Berm q}, or K{Snc3 Euro } < two-year swap rate. 
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To prove the results, assume they do not hold and construct an arbitrage portfolio. We 
give one proof as an example. 


Proof Let Kı = K{Snc2 Berm s/a} and K3 = K{Snc3 Berm s/a}. To prove K, > Kz, we 
suppose Kı < K, and construct an arbitrage portfolio. In particular, we construct the 
portfolio where we pay fixed K; versus libor on a Snc2 Berm s/a swap, and we receive 
fixed K; versus libor on a 5nc3 Berm s/a swap. By definition we can do this at no cost. 
On the latter swap it is the counterparty, the payer of the fixed rate, who has the options 
to cancel. 

If the Snc3 swap is never cancelled by the counterparty, we do not cancel the Snc2 
swap, and receive K, — Kı > 0 for five years. If, however, the Snc3 swap is cancelled at 
some time T; > 3, we cancel the Snc2 at the same time (we are able to do this as the 
options in the Snc3 are a subset of those in the Snc2). In this case we receive KK, > 0 
for T; years. Thus we have constructed an arbitrage portfolio. m 


Bermudan callable bonds are particularly attractive to investors since they typically have 
a higher coupon than European callable or noncallable bonds. The investor has sold a 
Bermudan option to the company in return for a higher fixed rate. The company typically 
does not want to manage the option exercise risk so enters into a cancellable swap with a 
bank as shown in Figure 13.7. 

Similarly to the European case, the coupon on the Bermudan callable bond c** is determ- 
ined by how much the investor is willing to receive on a callable bond of that company. The 
difference between c** and a rate on a fixed rate bond can often be less than the difference 
between the equivalent cancellable swap rate K** and the par swap rate. Investors often 
have a preference for callable bonds since they have higher coupons and are prepared to 
accept less than the full value of the optionality. 

A mortgage is another type of callable bond central to the financial system. Simplifying 
the structure significantly, in particular ignoring principal payments, amortization and any 
prepayment penalties, a mortgage can to an approximation be considered a purchase of 
a callable bond by the lender from the homeowner. The homeowner owns a Bermudan 
option embedded in their mortgage, namely the right to prepay the mortgage, or equival- 
ently owns the right to ‘call’ the bond back from the lender at par. Given the homeowner is 
paying a fixed rate on the mortgage, their option to prepay (or cancel) such an agreement is 
equivalent to a Bermudan receiver swaption. 

There is an extensive fixed rate mortgage market in the US, and institutions trading mort- 
gages, such as the government sponsored enterprises Freddie Mac and Fannie Mae, often 
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Figure 13.7 Swapping a Bermudan callable bond 
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use Bermudan swaptions to hedge the optionality embedded in the mortgages. As a result, 
Bermudan swaptions are particularly widely traded in the US and constitute an important 
component of derivative markets. 


13.6 EXERCISES 


1. Interest rate options quick quiz 
(a) Rank the following options in order of value, from greatest to least. 
A. 7yr 5% floor on 3mL. 
B. 7yr 5.5% floor on 3mL. 
C. 10yr 5.5% floor on 3mL. 
D. 7yr 5% floor on 3mL, the whole deal knocking out if 3mL ever fixes below 3%. 
E. 7yr 5.25% floor on 3mL, knocking out for periods where 3mL fixes above 7%. 
F. 7yr 5% floor on 3mL, knocking out for periods where 3mL fixes below 3%. 
(b) Rank the following options in order of value, from greatest to least. 
A. 2yr-into-3yr 6% payer swaption. 
B. 2yr-by-Syr 6% cap on 3mL. 
C. 2yr-into-3yr 6% Bermudan payer swaption with quarterly exercises. 
D. 


2yr-into-3yr 6% Bermudan payer swaption with semi-annual exercises. 
You can assume the swaps underlying A, C and D have quarterly payment 
dates versus 3mL. 


(c) A customer wants to pay fixed for 15yrs, with the one-time right to cancel the swap 
after Syrs. Which of the following strategies will precisely accomplish this? You may 
choose none, one or more than one. 


I Customer pays fixed for 1Syrs and buys a Syr-into-10yr European payer 
swaption. 


II Customer pays fixed for Syrs and buys a Syr-into-10yr European payer 
swaption. 

III Customer pays fixed for 15yrs and buys Syr-into-10yr European receiver 
swaption. 

IV Customer pays fixed for Syrs and buys a Syr-into-10yr European receiver 
swaption. 

(d) A customer wants to have the same trade as in (c), but with Bermudan cancella- 

tion options starting in five years. Which of the following strategies will precisely 

accomplish this? You may choose none, one or more than one. 


I Customer pays fixed for 1Syrs and buys a Syr-into-10yr Bermudan payer 
swaption. 
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II Customer pays fixed for Syrs and buys a Syr-into-10yr Bermudan payer 
swaption. 

III Customer pays fixed for 1Syrs and buys a Syr-into-10yr Bermudan receiver 
swaption. 

IV Customer pays fixed for Syrs and buys a Syr-into-10yr Bermudan receiver 
swaption. 

2. Bermudan exercise criteria 
Let By (t, To, Ty) be the price at time t of a K-strike Bermudan receiver swaption with 
first exercise date To, last exercise date T,,_;, and underlying swap maturity T,,. 


(a) Prove by no-arbitrage arguments that 


FLRx (t, To, Tn) 2 Bk (t, To, Ta) 2 erie Yk (t, Ti, Tn); 


where FLRx is the price of a floor and Y” is the price of a European receiver 
swaption. 


(b) Byspecifying a dominating exercise strategy, prove that one should not exercise the 
Bermudan receiver at time T; if 


IT, [T;, T4] > Kforsomek, j+1<k<n. 


Does the converse hold? That is, if IT, [T;, T;| < Kforall k, j+1<k<n, 
should one necessarily exercise the Bermudan at T;? 


3. Ordering Bermudan swaptions 
Consider the following six interest rate options, where 0 < K* < K. You may assume 
that all swaps have the same frequency, fixed quarterly versus three-month libor 
quarterly. 


I. A lyr-into-10yr K-strike European payer swaption, where Bank A has the right to 
exercise at T = 1 into a swap from T = 1 to T = 11. 


Il. A lyr-into-10yr K-strike Bermudan payer swaption, where Bank A has the right to 
exercise at T = 1 and annually thereafter, into a swap with final maturity T = 11. 


III. A lyr-into-10yr K-strike Bermudan payer swaption, where Bank A has the right 
to exercise at T = 1 and semi-annually thereafter, into a swap with final maturity 
T=11. 

IV. A lyr-into-10yr K*-strike European payer swaption. 

V. A lyr-into-10yr K-strike American style payer swaption defined as follows. Bank A 
has the right to exercise at any time up to T = 1. If Bank A exercises at time To, 0 < 
To < 1, Bank A pays fixed on a swap from To to Tp + 10. 


VI. A lyr-into-10yr K-strike American style payer swaption defined as follows. Bank A 
has the right to exercise at any time up to T = 1. If Bank A exercises at time To, 0 < 
To < 1, Bank A pays fixed on a swap from T = 1 toT = 11. 
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For each pair of options (a)-(g) in Table 13.1 below, determine the best relationship 
between their values to Bank A at time t = 0 from choices =, >, < and ?, where ? means 
the relationship is indeterminate. 


Table 13.1 Ordering Bermudan swaptions. 


(a) I I 
(b) ll 
(c) A Iv 
(a) WU v 
(e) v vI 
() I VI 
(g) m IV 


4. Bermudan exercise 


(a) Suppose you own a lyr-into-Syr Bermudan receiver swaption with strike 6%. The 
underlying swap has quarterly payment dates, fixed versus three-month libor. The 
exercise dates are quarterly. In one year’s time you must determine whether to exer- 
cise the first option to receive fixed on a five-year swap, based on the then current 
interest rate scenario. For each scenario A-F in Table 13.2 for interest rates in one 
year’s time, determine the most appropriate response to the question ‘Should the 
first option be exercised?’ from the following choices. 


I Yes, the option should definitely be exercised. 
II No, the option should definitely not be exercised. 


II It depends upon current levels of other market variables such as European 
swaption prices. 


Table 13.2 Exercise decision. 


Scenario 3mL % Syr swap % I, Il or II? 


A 6.1 6.1 
B 6.1 5.9 
C 6.1 3.5 
D 3.5 6.1 
E 3.5 5.9 
F 3.5 3.5 
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(b) Suppose you are told volatilities are zero for all interest rate options, that is, all out- 


of-the-money-forward options have zero value. Again answer the question ‘Should 
the first option be exercised?’ for scenarios D, E and F in Table 13.3. 


Table 13.3 Revised exercise decision. 


Scenario 3mL% Syrswap% 1, Jor III? 


D 3.5 6.1 
E 3.5 5.9 
F 3.5 3.5 


5. Double-cancellable swaps 
Recall that K{10nc x Berm ann} is the fixed rate such that a swap, where we pay fixed 
for ten years with the right to cancel after x years and annually thereafter, has zero value. 


Suppose you observe the following rates. 


(a) 


(b) 


K{10ncl Berm ann} 7.20%. 
K{10nc2 Berm ann} 7.10%. 
One-year swap rate 6.10%. 
Two-year swap rate 6.15%. 
Ten-year swap rate 7.00%. 


Bank A wants to pay fixed on a {10ncl Berm ann} swap to Bank B. However, sup- 
pose in addition that Bank B itselfhas the European option to cancel this swap after 
one year. Determine the most likely rate for this ‘double-cancellable’ swap from the 
following. 


I > 7.20% 
I 7.20% 
III > 6.10% but < 7.20% 
IV 6.10% 
V < 6.10% 
Give your reasoning. 


Bank A wants to pay fixed on a {10nc2 Berm ann} swap to Bank B, and once again 
Bank B has the European option to cancel the swap after one year. Determine the 
most likely rate for this ‘double-cancellable’ swap from the following. 


I > 7.10% 
II 7.10% 
Ill > 6.15% but < 7.10% 
IV 6.15% 
V < 6.15% 
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Libor-in-arrears and constant 
maturity swap contracts 


In this chapter we discuss libor-in-arrears and more general convexity corrections. Libor- 
in-arrears is one of the simplest members of the universe of exotic, or non-standard, interest 
rate derivatives. Whilst easy to define, it involves subtle pricing methodology. 


14.1 Libor-in-arrears 


Early in Chapter 1 we discussed that finance has a habit of giving rise to unexpected com- 
plexity in what ostensibly appear to be simple areas. Specifically, we mentioned in Chapter 
3 that changing the time at which cashflows from a FRA are paid, simply from time T + a 
to time T, opens up a new realm of subtle pricing problems. We explore this issue here, 
using the classic example of libor-in-arrears. Although easily defined, this is a topic that often 
confuses. 

We again use the abbreviated notation Lr = Lr [T, T + æ] and Lir = Li [T, T + a], for 
t<T. 

Recall that a regular FRA is an agreement where the buyer of the FRA pays œK and 
receives @Lr, all paid at time T + œ (usually with w being three or six months). Thus the 
value of the FRA at time T is 


a(Ly -K)Z(T,T +a) =1-(1+a@K)Z(T,T+a). 


We saw from Chapter 3 that the FRA can be replicated by a holding in ZCBs and a libor 
deposit, and hence the forward libor rate Ly, the value of K such that the FRA has zero 
value at time t, is given by 


_ Z2(t,T)-Z(t,T +a) 
E aZ(t,T +a) 
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A libor-in-arrears or arrears FRA has identical cashflows and references the same libor, 
but the cashflows are made at time T not T + a. Precisely the payout of a libor-in-arrears 
FRA at time T is 


a(Ly -K). 
The forward libor-in-arrears rate Č [T, T + a], abbreviated to Eas is defined to be the 


value of K that makes the arrears FRA have zero value at t < T. We will see in the next 
section that in general 


Ler # Ler. 
Heuristically, valuation of the libor-in-arrears FRA is complex because one can only deposit 
at libor from T until T + æ (by definition). A contract that pays libor at time T cannot be 
easily replicated. 


Note that there is no such thing as a libor-in-arrears ‘spot rate’ or ‘fix’. Both the regular 
FRA and the libor-in-arrears FRA are derivatives of the (standard) libor rate. 


14.2 Libor-in-arrears convexity correction 


To tackle valuation of the arrears FRA, we compound its value up to time T+a. 
Specifically, the arrears FRA has payout 


Dx(T, T) = @(Lrz - K) at time T, 
and thus value 
a(Lr -K)(1+a@Lrz) = a(Lr - K) + a? (L} - KL 7) at time T + æ. 
Thus we can re-express 
Dx(T, T) = (@(Lr - K) + a@°(L}. - KLr)) Z(T, T + æ). 


Using the fundamental theorem we have 


Dx(t,T) 2773 
————~ = E, (a(Lr - K) +æ“ (L7 -KL L 
Fe Fray E CUr -K) +a? (L4 -KLr) | Ler), 


where E, is the familiar risk-neutral expectation with respect to the forward numeraire 
Z(t, T + a). Therefore, 


Dx(t,T) = @Z(t,T + a) (Ex(Lr | Ler) - K + «(Ex (L7 | Ler) - KEx(Lr | Lir))) 
= aZ(t, T + or) (Ler - K + @(E,(L7 | Ler) - KLer)), 
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since E,(Lr | Ler) = Ler. Suppose we chose K = Lr (the naive choice), then the value of 
the arrears FRA 


Dx(t,T) = a7 Z(t,T + a)(E,(L} | Ler) - Lip) = 0, 


by Jensen’s inequality. Therefore, unless Ly is a constant, Ga must be greater than Lpr. The 
value at time t of receiving the (random) libor Lr in arrears at T is higher than receiving 
the known forward libor L;r at T. The difference Li — Lr is known as the libor-in-arrears 
convexity correction. 

We can calculate this convexity correction using the result that calls (or caplets) are a 
spanning set. Using the identity from Chapter 11 Question 1 that 


V(x) = V(0) +xV' (0) + [ V"(R)(« - K)*dK, 
with V(x) = ax(1 + ax), we have 


[o6] 
aLr +0°L?. = aLr + / 2a* (Lr - K)* dK. 
0 


Result Using the fundamental theorem with the Z(t, T + œ) numeraire, we obtain the value at 
time t of a libor-in-arrears payment aL at time T is 


CO 
Z(t, T + a)E,(a@Lr(1+aLr)) = Z(t, T + a)alyy + i, 2aCx (t, T) dK, 
0 


a regular libor term, plus a positive convexity correction which is a function of caplet prices. 
In particular, receiving a libor-in-arrears payment will have positive vega. 


In order to use a simple replication argument that we employed for the FRA, the floating 
libor rate must be received at the ‘right’ time T + a, the maturity of the rate. In particular, 
three-month libor must be received after three months, or else there is a convexity adjust- 
ment. Receiving the floating rate and paying the fixed rate too soon, as in a libor-in-arrears 
FRA, is preferable in the sense that we would pay a higher fixed rate Tyr in return for receiv- 
ing the floating rate early, than the Lsr for a regular FRA. This convexity correction is similar 
to that for a futures contract, where it is preferable to receive money earlier than the forward 
contract, if this occurs when interest rates are high. 

The regular FRA can be replicated by a linear combination of ZCBs and thus can be 
priced from today’s ZCB prices. The libor-in-arrears FRA is not linear in ZCB prices and to 
price it one needs to know the distribution of Lr. 


Note The libor-in-arrears valuation includes a libor-squared term. Whilst now rare, libor- 
squared swaps received some publicity in the early 1990s when they were a compon- 
ent of the derivative contracts that caused significant losses at Gibson Greetings in 
1994. 
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Table 14.1 Scenarios for libor fix. 


Libor fix at T Value of regular FRA Value of arrears FRA Total 
4% +2% x 106 + 1.04 -2% x 100 >0 
5% +1% x 106 = 1.05 -1% x 100 >0 
6% 0 0 0 
7% -1% x 106 + 1.07 +1% x 100 >0 
8% -2% x 106 + 1.08 +2% x 100 >0 


The intuition behind the libor-in-arrears convexity correction is illustrated well with a 
simple worked example. Suppose œ = 1 and the forward libor Lyr = 6%. Suppose in addi- 
tion that the forward libor-in-arrears bye also equals 6%. We will show that unless Ly is a 
constant, we can construct an arbitrage portfolio. 

In particular, we construct the portfolio where we receive 6% and pay libor on $106 mil- 
lion notional ofa regular FRA, and we pay 6% and receive libor on $100 million notional of 
a libor-in-arrears FRA. We can construct this portfolio at no cost. 

We now calculate, in Table 14.1, the value of the portfolio at the fixing date T for different 
scenarios for the libor fix Ly. 

Therefore, our portfolio is an arbitrage portfolio (unless Ly is a constant 6%), and we 
conclude empirically that the libor-in-arrears forward rate has to be higher than 6%. Note 
also that the benefit from receiving libor-in-arrears versus paying regular libor increases as 
the volatility of the libor rate increases, and thus we agree empirically that receiving libor- 
in-arrears has positive vega. 

We summarize our findings in the following rule. Receiving a floating interest rate earlier 
than its contracted term is preferable, meaning we would pay higher than the regular for- 
ward rate to do so, and such a contract has positive vega. By contrast, receiving a rate later 
than its term is not-preferable, and has negative vega. Hull (2011) calls this the ‘timing 
adjustment.’ 


14.3 Classic libor-in-arrears trade 


For simplicity, assume that w = 1 and so Tj,; = T; + 1. Suppose L;[T,, T2] = 5.00% and 
L,[T2, T3] = 5.20%. Then the following two FRAs both have zero value at time t < T}. 


(a) Receive Lr, [T1, T2] and pay 5.00% at T2. 
(b) Pay Lr, [T2, T3] and receive 5.20% at T3. 


Suppose Bank A believes that libor will increase by less than 20bp between T; and T), 
and so wants to enter both the trades above, which it can do at zero cost. This is known asa 
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yield curve flattener trade. However, Bank B approaches Bank A with the following propos- 
ition. ‘Doing the trade via two FRAs involves cashflows at different times. Why not simply 
combine the two zero-cost trades, then simplify the trade by having all the cashflows made 
at time T3. Specifically, we suggest you receive Lr, [T1, T2], pay 5.00%, pay Lr, [T2, T3] and 
receive 5.20%, all at T,. That is, net you receive Lr, [T;, T2] + 20bp and pay Lr, [T2, T3] 
at To. 

Bank B made the proposal even more attractive for Bank A. They claimed the trade suited 
their portfolio, so they could pay Bank A a spread of 21bp instead of 20bp. Bank A con- 
sidered this a good deal and believed that they were making a profit of 1bp, in addition to 
implementing the trade they wanted. Therefore, Bank A executed the trade as described. 

However, we can see upon closer inspection that, whilst Bank A believed the value of the 
trade to them was 


L,[T1, T2] - L;[T2, T3] + 21bp = +1bp, 
the value of the trade at time t < Tı was in fact 
LT, T2] - EAT T3] + 21bp. 


The libor-in-arrears convexity correction UiT T3] —L,[T2, T3] at t was in fact around 
Sbp. So in fact Bank A was losing (and Bank B making) 4bp on the trade. 

This trade hid the subtlety of the libor-in-arrears convexity correction within a simple 
yield curve trade. The complexity was injected simply when the time of the payment of the 
second FRA was moved from T; to T3. 


14.4 Constant maturity swap contracts 


We can extend arguments about the libor-in-arrears convexity correction to contracts where 
it is the swap rate, rather than the libor rate, that is paid early. These are known as constant 
maturity swap (CMS) contracts. Whilst libor-in-arrears payments are relatively easy to ana- 
lyse, they now trade infrequently. CMS contracts, on the other hand, are widely traded in 
the market. A comprehensive analysis of CMS valuation is complex and beyond our scope, 
although key ideas transfer over directly from the libor-in-arrears example. 

The simplest CMS contract is defined where one 


pays K . . 
t let T. 
receives yrlT, Ty] | ses NE 


Since y7[T, T„] is by definition the fixed rate such that the value of a swap from T to 
T, has zero value, in a CMS contract we are receiving the swap rate earlier than its con- 
tracted term, that is, at time T instead at payment dates T; i = 1, . . . , n. Thus, similar to the 
libor-in-arrears FRA, one would expect the CMS rate ¥,[T, T,,], the value of K such that the 
CMS contract has zero value at time t, to be greater than y;[T, T,,], the forward swap rate. 


146 | LIBOR-IN-ARREARS AND CONSTANT MATURITY SWAP CONTRACTS 


Table 14.2 Swap rate scenarios. 


Swap rate at T Value of swap Value of CMS contract Total 
5% +1% x Pr[T, Ty] -1% x P,[T, Ty] >0 
6% 0 0 0 
7% -1% x Pr[T,T,] +1% x P,[T,T,] >0 


To show that this is indeed the case, we suppose that ¥,[T, T,] = y:[T, Ta] = 6% and 
construct an arbitrage portfolio. 
We can enter into the following two contracts at zero cost. 


(a) A forward swap, where we receive 6% and pay libor from T to T,. 


b) ACMS contract, where we pay 6% and receive yr| T, T,,| at time T. 
pay y 


We will execute (a) on a notional of 1 and (b) on a notional of P;[T, T„] (which is a 
known quantity at t), and consider the value of this portfolio at time T. Note that the pv01 
Pr[T, T,,] of the swap at T will differ depending on the level of interest rates. In particular, 
when the swap rate is 7%, the pv01 will be lower than P;[T, T,,]—the pv01 when the rate 
was at 6%. Similarly, the pvO1 when the rate is 5% is higher. Hence we obtain the portfolio 
values for the scenarios shown in Table 14.2. 

Thus we have constructed an arbitrage portfolio, and so we conclude that y,[T, T,,] > 
y:[T, Ta]. The difference y;[T, T,] - y:[T, Tn] is called the CMS convexity correction, and 
depends on the distribution of yr[T, T,,]. It is generally increasing in T, since for larger T 
the swap rate typically has higher variance, and increasing in (T, — T), since there is a larger 
timing difference. The CMS correction can be significant, for example over 50bp for longer 
dated expiries on long-dated rates. 

Again we see that receiving a rate early (the T to T,, swap rate at time T, instead of over 
the ‘right’ period T to T,,) is preferable, in the sense that one would pay a higher fixed rate 
to receive it early than over its natural time. A position where one receives the CMS rate has 
positive vega. 


14.5 EXERCISES 


1. Interest rate vega 
For each of the following positions (a)-(g) in Table 14.3, determine whether Bank 
A has vega > 0, vega < 0, there is no volatility exposure, or the volatility exposure is 
indeterminate (‘2’). 
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Table 14.3 Interest rate vega. 


Bank A position Vega: > 0, < 0,= Oor? 
(a) Bank A receives 10-year CMS q, pays 3mL q, for 5 years 
(b) Bank A pays 3mL q, receives 3mL in arrears q, for 10 years 
(c) Bank A receives 7% m, pays 6mL s/a, for 7 years 
(d) Bank A pays ImL m, receives 6mL s/a, for S years 
(e) Bank A pays ImL s/a, receives 6mL s/a, for S years 
(f) Bank A is long a futures contract on a fixed rate bond 
(g) Bank A is long a forward contract on a fixed rate bond 
2. Digital caplet in arrears 


Consider an option that pays 
a at time T if Ly > K, and zero otherwise. 


By considering the payout of this option (a ‘digital caplet in arrears’) at T + œ, show that 
its price Dx (t, T) at time t < T is given by 


Dx (t, T) = (1+ @K) Dg (t, T) + @Cx (t, T), 


where Dx(t, T) is the price of a regular digital caplet, and Cx (t, T) is the price of a 
K-strike caplet with maturity T. 
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The Brace—Gatarek—Musiela framework 


We give a brief introductory sketch of the Brace—Gatarek-Musiela (BGM) model, which 
provides a framework for the consistent valuation of a range of interest rate options. We 
describe the BGM volatility surface and explore how the prices of various interest rate 
derivatives depend on this surface. 


15.1 BGM volatility surface 


For a fixed T, write X; = log Lir. Then under the lognormal risk-neutral distribution we 
have 


1 
Xr | X% =X,- 50 thtoV/T-tW, W~ N(0,1), 


where ø is the volatility of Xr | X, and we are using the numeraire Z(t, T + œ). Libor rates 
with different maturities T will in general have different volatilities, so strictly our notation 
should include the dependence o = ør. Note also we would need a different numeraire 
Z(t, T + @) for each forward libor in order to use the pricing machinery developed in 
Chapter 12. 

Suppose we divide [t, T] = [to, tn] into intervals [t;, t1], i =0,...,n-— 1, with piece- 
wise constant volatility o; r on each interval. Then 


Xi, -Xio = (Xt, — Xt.) + +++ + (Xa — Xn) 
1 2 2 
with X; - X, ~N -39r Cti - ti), O77 (tint -t) }. 


Since the sum of independent normals is itself normal, X;, — X;, is normal with 


n-1 


Var (Xi, - Xp) = > Of (tat - t). 
i=0 
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Since every continuous function can be uniformly approximated by piecewise linear 
functions, then for a positive function o (t, T) of t and T (the continuous limit of the 
piecewise oj), we have 


tn 
Var(log Lr - log Lyr) = fl o°(t, T)dt. 
to 


Thus, the risk-neutral distribution for Lr under the forward numeraire Z (t, T +œ) is 
given by 


1 
Lr | Ler ~ lognormal (iosta - 50 (T -t), o?(T - 9) 
where 
T 
o*(T-t) = i o*(u, T)du. 
t 


For fixed T, the function o (t, T),0 < t < T represents the instantaneous volatility from 
t to t+ At of the forward libor Ler. The surface {o (t, T),0 < t < T < oo} is known as 
the BGM volatility surface, after the Brace—Gatarek—Musiela (1997) model, which first 
explicitly described the evolution of libor rates in terms of their individual volatilities. 


15.2 Option price dependence on BGM volatility surface 


The price of a caplet on Lr,[T; Tı], where Tj; = T; + œ, depends on the volatilities 
{o(t,T,);0 < t < Tj}. 
A T; by T; cap price depends on the volatilities in a trapezium 
{o(,7);T; < T < Tj1,0 <t <T}, 


as shown in Figure 15.1. The last caplet is on the libor rate Lr, , [Tj j T;] and expires 
at Tj-1- 

We now consider the dependence of the swaption price on the BGM volatility sur- 
face. Recall that in Chapter 12 we priced a swaption using the swap numeraire. We let 
the risk-neutral distribution of the swap rate yr, [To,T,] be lognormal with expected 
value ys [To, T;,] and volatility o* (where we use the temporary notation 0” to distinguish 
swaption volatility from caplet volatility). 

How does one relate the volatilities o (t, T) of the libor forwards with the swaption 
volatility ø *? Recall that 


eet Lt [Tiu Ti] Z(t, T;) 
Yt [To, Tr] = "m ; 
D aZ (t, T;) 
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Figure 15.2 BGM volatility surface exposure of swaption 


a weighted average of libor forwards. The Z (t, T;) themselves depend on the libor for- 
ward rates. However, were we to approximate the ZCB prices as constant (given their 
dependence on interest rates is of lower order than the rates themselves), heuristically we 
can see that the variance of yr,[To, Ta] will depend on the volatilities of L; [T;-1, T;] for 
0 < t < To, and the correlation between them. In particular, the volatility, and thus the 
price, of a swaption depends on a rectangle of the volatility surface {o (t, T); 0 < t < To, 
To < T < T,1}, as shown in Figure 15.2. 

Whilst we do not explore correlation structure in detail here, note that the swaption price 
will also depend upon the correlations p(t, Ti, Tj) between L, [T; Tj4;] and L; [T;, Tja) 
for 0 <t< To, 1 <i<j<n-1. In particular, if the o (t, T) (and hence cap prices) 
remain constant, then when correlation increases, swaption volatilities and prices increase. 

Volatility trading in practice involves understanding the dependences of particular deriv- 
ative products on the BGM volatility surface. Different derivatives can have inter-related 
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USD forward volatility surface 
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Figure 15.3 Typical parametric BGM volatility surface 


dependences, which allow assessments of relative value. For example, a reset cap is a series 
of reset caplets, each with payout equal to œ max{Lr,[T; Tarı] - Lr, [T1 T;], 0} at time 
T; (in other words, where the strike of the caplet is the previous libor fix). The value 
of the reset caplet at time 0 will depend on the volatilities {o(t, T;),0 < t < T;} and 
{o (t, T;-1),0 < t < Tı}. However, for the period 0 < t < T; the reset caplet is a deriv- 
ative of the difference between the two libor rates, and thus has correlation exposure. From 
T;-ı to T; the reset caplet is an option just on Lr,[T; Tj; ] as the strike has fixed, and does 
not have correlation exposure. A reset cap thus has BGM exposure with similarities both to 
caps and swaptions. 

A typical implementation of BGM often involves assuming a relatively simple function 
for the correlation structure, then proposing reasonable functional forms for o (t, T). A 
non-linear calibration follows to obtain the best parametric fit of o (t, T) to market option 
prices. This smooth surface provides rich-cheap indicators for options, by comparing the 
price given by the BGM volatility surface to actual market prices. One can also discretize 
the smooth surface then perturb it to obtain an exact nonparametric fit to market prices. 
Notable features of the nonparametric fit can then be analysed. Typical parametric and 
nonparametric fits to the US dollar options market are shown in Figures 15.3 and 15.4 
respectively. For more details about the interpretation of the BGM volatility surface and 
its use in trading options, see Blyth (2004). 

Note that when we priced an individual caplet, we were able to set E, (Lr|Lir) = L'r 
because we used the forward numeraire Z (t, T + œ). This numeraire is specific to the libor 
rate fixing at T, which is itself a ratio of an asset to this numeraire, and hence a martin- 
gale. Similarly, the swap rate is a martingale under the swap numeraire. How does one 
reconcile these different numeraires in the BGM model, where one is attempting to evolve 
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Figure 15.4 Typical nonparametric BGM volatility surface 


many libor rates simultaneously under a consistent risk-neutral distribution? Given that one 
can only choose one numeraire, inevitably not all libor rates and swap rates will be martin- 
gales. Implementation of BGM typically involves using the money market numeraire, and 
requires calculation of the expected value for each libor rate, a procedure that is beyond 
our scope. Importantly, however, the volatility structure is not affected by the change of 
numeraire (similarly to the result we obtained in Chapter 10, where the volatility of the 
limiting lognormal distribution was the same under both actual and risk-neutral probabilit- 
ies). Insights we obtain from analysing the volatility surface translate to the money market 
numeraire from the individual forward numeraires. 


15.3 EXERCISES 


1. BGM surfaces I 
Suppose the current date is April 2011. On the triangular BGM volatility surface 
o (t, T} O < t < T, highlight the areas of volatility upon which depend the prices of 
the following interest rate options. 
(a) A lyr-into-2yr swaption (that is, April 2012 option into a swap with start date April 
2012 and end date April 2014). 


(b) A lyr-into-3yr swaption. 
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(c) A 2yr-into-lyr swaption. 

(d) A lyr-by-3yr cap. 

(e) A one-year option into a swap with start date April 2013 and end date April 2014. 
(This is called a midcurve swaption.) 


(£) A caplet on three-month libor Lr, with T = 16 September 2013. 


(g) A call option with exercise date 16 September 2013 on the underlying EDU3, the 
September 2013 Eurodollar contract. 


(h) A midcurve call option on EDU3, that is, an option with exercise date 15 September 
2011 on EDU3. 


(i) A ‘lyr-into-lyr-lyr’ forward-starting swaption. The strike of the swaption is 
determined on April 2012 as the then forward swap rate (for a swap with dates April 
2013 to April 2014), and the exercise date of the swaption is April 2013, into the 
swap with start date April 2013 and end date April 2014. (Derivatives of this form 
trade reasonably frequently in the US, and are sometimes referred to as ‘forward 
volatility’ trades.) 


2. BGM surfaces II 
On the triangular BGM volatility surface o (t, T), 0 < t < T, highlight the areas upon 
which depend the prices at time t = 0 of the following interest rate derivatives. Assume 
0 < Ti < T2. 


(a) A 2yr-into-Syr European swaption. 
(b) A 2yr-by-7yr cap on three-month libor. 
(c) A 2yr-into-Syr Bermudan swaption with quarterly exercises. 


(d) A contract that pays 
max{(L7, [Tz T2 + a@] - Lr, [Tu Tı +@]), 0} at time (Tı +). 
(e) A contract that pays 
max{(Lo [T2, T2 + @] - Lo [T1, Tı + @]), 0} at time (Tı + @). 
(£) A contract (known as a reset cap) that pays 
max{(L7, [Tz, T2 + a] - K), 0} at time (T, + œ), where K = Lr, [T,,T, + @]. 
(g) A contract that pays 


(Lr, [T2, T2 + @] at time (T3 + w)) - (Lr, [Tı Tı +4] at time (Tı + @)). 


PART V 


Towards Continuous Time 
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16 


Rough guide to continuous time 


In Part III we developed replication, no-arbitrage and the concept of risk-neutral pricing 
on a binomial tree, with two possible states of the world at each step. We showed that no- 
arbitrage was equivalent to the ratios of asset prices to a numeraire being martingales under 
the risk-neutral distribution. Although finance is essentially performed in discrete time, it is 
useful to develop continuous-time models, which can be easier to manipulate. In Chapter 
10 we simply took the limit of the tree for a fixed T and calculated expected values using 
the limiting continuous distribution for Sr, and assumed without proof that the results 
from discrete time, in particular the fundamental theorem, transferred directly to the con- 
tinuous case. In general, mathematics of continuous-time finance is non-trivial and beyond 
our scope. This chapter is designed to give a flavour of continuous-time theory by briefly 
presenting some key concepts concerning stochastic processes. In particular, we introduce 
Brownian motion as the limit of the binomial tree, and show how we can use Ito’s lemma 
to tackle the change of numeraire and risk-neutral distributions in continuous time, arriving 
elegantly at the Black-Scholes formula. For a more extensive exposition of continuous-time 
theory, see Shreve (2004) or Joshi (2008). 


16.1 Brownian motion as random walk limit 


+1 with probability 1/2 


Let &; be IID and equal to | -1 with probability 1/2 


and consider the symmetric random walk ye 1 &i. By the central limit theorem 


N 
1 
Wy = ets — WasN > œ, where W ~ N (0,1). 
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For fixed t > 0 define 
[Nt] 1 [Nt] 1 
Wre= Y = &=Vt>) = & 
a a a 
where [Nf] is the closest integer to Nt. Then 
Wnt > W; ~N (0,t) asN > œ. 
It is possible to extend this result and take the limit for all t simultaneously, although this 
theory is beyond our scope. The limit W, the continuous-time limit ofa symmetric random 


walk, is called Brownian motion or a Wiener process. It has the following properties. 


(a) Wo =0. 
(b) Forallt < s, W,- W; ~ N(0,s-t). 
(c) W, — W; is independent of W, t < s. 


The intuitive understanding of Brownian motion as the limit of the symmetric random 
walk with ever smaller time steps is helpful. Equivalently, it can be thought of as a process 
with independent normal increments, since for any t and At > 0 

Wanat- We ~N (0, At). 
Note that 


E (W, | Wi) = E((W, - Wz) + W; | Wt) = E (W; - W; | Wi) + W; = W; 


so Brownian motion is a martingale. 


16.2 Stochastic differential equations and geometric 
Brownian motion 


For At > 0 we can write rigorously a difference equation such as 
Suat- Si = WAt +o (Waar - Wz) = At + oV AtW, where W ~ N (0,1). 
We write the limit as At —> 0 
dS, = udt + odW.,, 
or, for more general functions u (S, t) and o (S, t), 


dS; = uls, t)dt + o (Ss t)dW;. 
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This is a stochastic differential equation, the general theory of which we do not tackle 
here. The meaning of dW; is non-trivial, although the discrete analogue VAt W, where 
W ~ N(0, 1), is helpful for conceptual understanding. 

For constant u and ø the solution of the stochastic differential equation is 


Sr = uT +0VTW, where W ~ N(0, 1), 


and for piecewise constant functions we have 


ST = 5 Li (tisı — ti) + > of (tai —t;) | W. 
i=l i=l 


What are possible functions /1(S;, t) and o (S, t) to model the behaviour of a stock price? 
Areasonable assumption is that the drift u of a stock is proportional to its price, since a stock 
split should not change the dynamics of the stock price, so we propose u (S;, t) = uS. With 
no random term, the ordinary differential equation would be 


dS; = LS; dt => St = Soe. 


For o (S, t), one might assume that uncertainty about the stock’s percentage return 
(rather than uncertainty about its absolute price) is constant. That is, the probability of 
a stock move from 100 to outside (99, 101) equals the probability of a move from 50 to 
outside (49.5, 50.5). Equivalently, over a small interval At 


AS 
Var (=) ~ o° At > Var (AS;) © 07S; At. 
t 


Therefore, one possible process for the evolution of the stock is 
dS; = pS; dt + oS,dW,, 


which is the definition that the stock follows geometric Brownian motion. Its discrete-time 
analogue is 


AS 
o = uAtt+oVAtW, where W ~ N (0,1). 
t 


What is the distribution of Sr, assuming geometric Brownian motion? We need addi- 
tional tools to address this question. 
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16.3 Ito’s lemma 


Consider a function f (X, t) of X, ignoring temporarily that X; may be random. Then a 
Taylor series gives 


of of d'f 2, of 1 0°f 
Af = —At AX, AX, AX;,A; + At 
f= Bett ay AX + 5 aye (AM) + aya AMA: + 3 an ( yee 
For non-random X; 
of of 
df = —dt+ ——dx, 
P= apt oy 


by the chain rule for differentiation. Now suppose that 


AX, = wAt+av AtW, where W ~ N (0,1), 


and so 
(AX,)* = AtW? +0 (ae), 
Since E (W°) = 1 and Var (W?) = 2 then (AX;,)” > o7At as At — 0, and we have 


0 
Les 
ot 


Af © 


Taking limits we obtain Ito’s lemma. 
If dX; = U(X, t)dt + o (X, t)dW,, then 


ð ð a 
a= as Lanai AR? 
dt aX 2 Ox? 


- (Z, a (Xat) + m (Xy ») dt + Lox, t) dW. 


Ito’s lemma is easiest to remember in the following form. If dx = udt + o dW, then 


where dx? is defined by the identities dt? = 0, dtdW, = 0 and (dW,) = dt. 
We now apply Ito’s lemma to log S, where S, follows geometric Brownian motion. Let 


f (St) = log S; and so 


af of 1 əf ı 
at as; S:; as? SP 
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Ito’s lemma gives 


1 1 1 1 1 
d (log S,) = (; US; 50 St =) dt + oS, dW: = (u = Zo?) dt + odW,. 
t t F 


Therefore, log S; follows standard Brownian motion and is normally distributed. 
Specifically, 


1 
log Sr | Se~ N (oss; + @ Š zo?) (Taio (rH 0). 
and we have shown that under geometric Brownian motion the distribution of Sr | S; is 
lognormal, equal to the limiting distribution of the binomial tree in Chapter 10. 
16.4 Black-Scholes equation 
Now consider the price of a call (or other derivative contract) Cx(t, T), which is a function 


of the stock price. If the stock follows geometric Brownian motion, then by Ito’s lemma the 
option price satisfies the stochastic differential equation 


OCx(t,T) OCx(t,T) 1 0?Cx(t, T) 
+ Sp + 


, 8Cx(é T) 
ðt as, ae aS 


t 


dCx(t, T) = ( osi) dt oS,dW;. 


dCx(t,T) 


Suppose we construct at t a portfolio IT consisting of long one option and short 5 Š 


of stock. Its price IT; at time t satisfies 


əCr(t, T) S 
OS; 


te 


I, = Cx(t, T) z 


Using the expressions for dCx(t, T) and dS;, we obtain 


1 a?Cx(t, T) 


ə 
dinel get 
i E Kl6T) +> G3 


ost) dt. 


This portfolio instantaneously at t has no exposure to the term dW;. Therefore, it is 
instantaneously a replicating portfolio for the money market account and must grow at 
rate r. So 


OCx(t,T) 1 07Cx(t,T) 
at 2 ə? 


dil, = rIl;dt > 


ICK(t, T 
oS =r (cxt T) - “es. 


OS; 


Therefore, we obtain 


dCx(t, T OCx(t, T 1 0?Cx(t, T 
KT) IRET 6 oy r) a LACKED 


22 
oS =0 
ot aS; 2 ə pe 
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the Black-Scholes partial differential equation for a European derivative contract. The 
solution to this partial differential equation, under the boundary conditions Cg(T, T) = 
(Sr — K)*, is the Black-Scholes formula we derived probabilistically in Chapter 10. We 
thus have a new approach for option pricing via partial differential equations. For further 
details see, for example, Wilmott (1998). 

Compare this approach to how we replicated the ZCB on a binomial tree with an option 
and a particular holding A of stock. Here in continuous time, the analogue to A is given by 


oC) , the delta of the option. 


the instantaneous hedge S 


16.5 Ito and change of numeraire 


For two processes X;, Y, such that 


dX; =e (X: t) dt +0 (Xo t) dW, 
dY; =v (Xo t) dt +T (Y, t) dW; 


then f (X, Y, t) satisfies the stochastic differential equation 


of. af of. 10f , Pf Lay, 
df = Ldt + dx, + dY, dx ians Ly, 
Pm apt A oy a a Oh * aye 


with higher order terms again defined by identities (dW?) = dt, dt? = 0 and dW,dt = 0. 
Setting f (x,y) = xy we obtain 


d(X,Y,) = X,dY, + Y,dX, + dX,dY,. 
This result is useful when considering the ratio of an asset to a numeraire. In particu- 


lar, suppose again that S; follows geometric Brownian motion dS; = uSidt + o S;,dW;. The 
money market account M; = e” satisfies dM; = rM;dt, and so 


1 1 
a( ) = -— dM, = -——dt. 
Mı M? Mı 


We now apply Ito’s lemma to the ratio S,/M,. Since there is no dW; term in the differential 
equation for dMs, 


St 1 1 
d| — | = —dS, + Sd | — 
M: M: M: 


1 
= M. (uSıdt + oS,dW;) + St ( nes 
t 


S S 
x) a= (wu ator 


t 


dW;. 
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Thus S;/M, follows geometric Brownian motion and we have 


log (5151) ~n (log (5) + r)(T -t) SOUT ),0VT=1), 


In order for S;/M; to be a martingale, we must have jz = r, that is, the drift term is zero. 
Letting f(S;) = F(t, T) = S,e"(T), the forward price at time t, we have 


ð 0 
i = -rSe" T) = -rF(t, T), and Of = (T+), 
ot OS; 


So Ito’s lemma gives the following stochastic differential equation for the forward price, 
dF(t, T) = (u -r)F(t, T)dt + o F(t, T)dw,. 


In the risk-neutral world with respect to the money market account we have u =r, 
and the stochastic differential equation for the forward price simply becomes dF(t, T) = 
o F(t, T)dW,. Therefore, 


log F(T*, T) | F(t,T) ~ N (ios, T)- sour" Per = ») 
and E (F(T*, T) | F(t, T)) = F(t, T) 


fort < T* < T. We have therefore shown that the forward price is a martingale under the 
risk-neutral distribution. We know from the fundamental theorem that we must have this 
result, since the forward price is itself the ratio of the stock to the ZCB. 

We can begin to see the formation of a continuous-time analogue of our work on 
numeraires, martingales and the fundamental theorem. First we choose an appropriate 
numeraire, often chosen to simplify calculation. Given the stochastic differential equation 
for the underlying asset, we calculate using Ito’s lemma the stochastic differential equation 
for assets rebased by that numeraire. By the fundamental theorem, the absence of arbit- 
rage is equivalent to the rebased assets being martingales, which is itself equivalent to the 
stochastic differential equation having zero drift. We can thus determine the risk-neutral 
distribution with respect to the numeraire by imposing this condition. 

As a further example, suppose we adopt the stock as numeraire, and consider the ratio 


M,/S;. By Ito’s lemma, 
M: 1 1 
d [a S —dM; + d aay M;. 
St St St 


Again, by Ito’s lemma, 


Fes L (wS,dt + 0 S\dW,) + —o?Stdt = (0? - u) tdt- Zaw, 
—)|=-— o — o =(0 : 
S, S? Hot taW 3 t u S: S; t 
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Therefore, 
M M M 
d(—)=— (r- +07) dt - o —dW,. 
St St St 
So M;/S; is a martingale <=> pp =r +0 2 and the risk-neutral distribution under the stock 
numeraire is given by setting y = r + 0”. Under this condition, S; satisfies 


dS; = (r + o°) Sdt + oS,dW;. 


The change of numeraire machinery is a powerful tool in finance, and we immediately 
give one application here to the Black-Scholes formula. 

We can split the call payout (Sr - K)* = (Sp - K) {Sr > K} into two parts: 
ASrI{S; > K};andB-KI{S7 > K}. To price A, consider the contract with price at time t 
denoted by D4 (t, T), and payout at time T Dê (T, T) = SrI{Sr > K}. By the fundamental 
theorem, 


EUT g (ZED Is 


= P* (Sr>K |S 
; £ : (Sr = KS), 


the probability P** being the risk-neutral distribution with respect to the stock numeraire. 
Therefore, 


Dê (t, T) = S,P™* (Sr > K | S,). 


Under the risk-neutral distribution with respect to the stock numeraire, we set 
u=r+0°and 


1 
log Sr | S ~ N (oss; + (= Zo?) (T-t), o’(T- 9). 


Therefore, 


log K - log S, - (r + 407) (T -t 
P* (Sp >K|S,) =1 o(* 08 ot (r 2 )( ) 


oV/T-t 


2% log (=) + (r+ ło?) (T-t) 
7 ovVT-t i 


For B, we use the money market account as the numeraire, and consider the derivative 
with payout at time T D? (T, T) = K{Sr > K}. By the fundamental theorem, 


D? (tT) ae E T) 


= Ke”TP* (Sr > K | Sà. 
i i ) (Sr = KS) 
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Under P*, the risk-neutral distribution with respect to the money market account, we set 
u = r and so 


1 
log Sr | Se~ N (oss, + (-- 50°) (Het), o°(T- 9): 


Combining our results for A and B we obtain—without calculating any tail integrals or 
solving partial differential equations—the Black-Scholes formula, which seems an apt place 
to end. 
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GLOSSARY OF NOTATION 


Symbol Definition Chapter 
BE? (t) Price at t of fixed rate bond with coupon c 4 
BF (t) Price at t of floating rate bond 4 
Bx(t, To, Tn) Price at t of K-strike Bermudan payer swaption with first 13 
exercise date Ty on swap ending at T, 
Bya(t,T) Price at t of call butterfly with centre K and half-width 1/2 11 
c Bond coupon 1 
Cx (t, T) Price at t of call (or caplet) with strike K and exercise date T 7,12 
Cx (t, T) Price at t of American call 7 
Cx (t, T) Price at t of call on forward contract 7 
Cx(t, To, Tn) Price at t of To by T„ cap with strike K 13 
D(t, T) Price at t of derivative contract with maturity T 9 
D(t, T) Price at t of derivative contract A with maturity T 16 
Dx(t,T) Price at t of digital call with strike K and maturity T 11 
f(x) Probability density function 9 
fo Forward interest rate from T, to T3 3 
F(t, T) Forward price at t for forward contract with maturity T 2 
F(t, Tı, T2) Forward price at t for forward contract with maturity Tı on 3 


zero coupon bond with maturity T, 


g(Sr) Derivative payout at maturity T 2 
K Delivery price, strike price or fixed rate 2,4,7 
Lr[T,T +a], Lr Libor rate for period [T, T + a] 3 
L,[T,T +æ], Ler Forward libor rate at t for period [T, T + a] 3 


E [T,T +a], Ler Forward libor-in-arrears rate at t for period [T, T + a] 14 
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Symbol 
M, 


N, 


t 
T 
va(t) 


Vx (t, T) 


vR” (t) 

Ven (t) 

v(t) 

WwW 

W, 

X~ N(p, Y’) 

Y ~ lognormal(u, o°) 
y: [To Ta] 

Y [To Tr] 


Z(t, T) 


Definition 
Value at t of money market account 
Price at t of numeraire 
Probability, probability distribution 
Risk-neutral probability, probability distribution 
Price at t of put with strike K and exercise date T 
Price at t of American put 
Price at t of put on forward contract 


Swap pvO1 at t for swap of period [To, T„] 


Risk-neutral probability, probability distribution with 


respect to alternate numeraire 

Interest rate 

Price of stock or other asset at t 

Current time 

Forward time, maturity or expiration 

Value at t of portfolio A 

Value at t of forward with delivery price K and maturity T 
Value at t of FRA with fixed rate K and fixing date T 
Value at t of swap with fixed rate K 

Value at t of fixed leg of swap with fixed rate K 

Value at t of floating leg of swap 

Standard normal random variable, W ~ N(0, 1) 
Brownian motion 

X is normally distributed with mean ju and variance y? 
log Y is normally distributed with mean jx and variance o? 
Forward swap rate at t for swap of period [To, T„] 
Constant maturity swap rate at t 


Price at t of zero coupon bond with maturity T 


Chapter 


1 
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Symbol Definition Chapter 
a Accrual factor in fractions of years 1 
o Volatility, standard deviation of logarithm of asset 10 
OK Implied volatility for option of strike K 11 
o(t,T) Volatility at t for libor forward with maturity T 15 
(x) Standard normal probability density function 9 
P(x) Standard normal cumulative distribution function 9 
® (t, T) Futures price at t for futures contract with maturity T 5S 
w Standard deviation of asset 9 
W(t, To, Tn) Price at t of K-strike European payer swaption with exercise 12 


date Ty on swap from To to T, 


Abbreviations 
Chapter 
ATMF at-the-money-forward 7 
BGM Brace—-Gatarek—Musiela 15 
CMS constant maturity swap 14 
FRA forward rate agreement 3 
ZCB zero coupon bond 1 
3mL three-month libor 3 


Black-Scholes formula 


Cx(t, T) = S;® (di) - Ke" (dz) 


log (=) + (r + ło?) (T -t) 
where dı = X 2 and d, = dı -oVT -t. 
oVT-t 
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A 
accrual factor, 7 
American option, 53, 58, 62, 67, 
79, 91, 137 
annuity, 6, 10, 31 
floating rate, 31 
value of, 6 
arbitrage, see also no-arbitrage, 15, 
18, 22 
arbitrage portfolio, 16, 47, S0, 72, 
79, 131, 135, 144 
at-the-money-forward, 55, 57, 87, 
100, 108, 125 
ATME, see at-the-money-forward 
axiom of choice, 49 


B 
basis point, 44 
Bermudan option, 53 
Bermudan swaption, 130, 137, 154 
bounds on price, 130-132 
cancellable swap, 134-136 
exercise criteria, 132-133, 137, 
138 
BGM, see Brace-Gatarek—Musiela 
binomial distribution, 78, 80 
binomial tree, 71, 74-77, 85-86, 
88, 93-96 
Black-76 formula, 120, 121, 124 
for swaptions, 123 
Black-Scholes formula, 97-98, 
105, 106, 109, 165 
properties of, 98-100 
via partial differential equation, 
101, 162 
bond 
callable, 129, 135 
fixed rate, 8, 36-37, 37-39, 128 
futures contract on, 43, 46, 
147 
floating rate, 9, 32, 36-37, 37 
futures contract on, 46 
zero coupon, see zero coupon 
bond 


INDEX 


bootstrapping, 35, 38 
Brace—Gatarek—Musiela, 150 
volatility surface, 150-153, 153, 
154 
Brownian motion, 158, 161 
geometric, 159, 160, 163 
butterfly, see call butterfly 


Cc 
call butterfly, 60, 65, 103, 113-114 
call condor, 66 
call ladder, 64, 66 
call option, 53-56 
American, 58 
as numeraire, 91 
as spanning set, 114, 116 
bounds on price, 57-60, 100 
knockout, 64, 106 
on libor, 119 
replication of, 72,75 
call spread, 58-60, 66, 111 
cancellable swap, 127-128, 
134-135, 136, 139 
cancellable swap rate, 128, 134 
cap, 121, 130, 150, 154 
reset, 152, 154 
cap-floor straddle, 122 
caplet, 119-121, 143, 150 
carry, 23, 38 
cash settlement, 20, 124 
cashflow, 5, 6, 29 
floating, 29 
central limit theorem, 94, 96, 157 
CMS, see constant maturity swap 
compounding, 3, 26 
continuous, 4 
frequency of, 4, 6, 9 
condor, see call condor 
constant maturity swap, 145-146, 
147 
convexity correction 
constant maturity swap, 146 
Eurodollar future, 45 


futures, 43 
libor-in-arrears, 142-144 
counterparty, 9 
Cox Ross Rubinstein formula, 78, 
80, 98 
cumulative distribution function, 
x, 87, 112 


D 
daycount convention, 7-8, 9 
delivery price, 14 
delta, 101, 108 
of annuity, 31 
derivative contract, 13 
interest rate, 33, 119 
over-the-counter, 13, 33 
digital, 61 
call, ix, 61, 64-66, 111 
caplet, 125, 147 
put, 61, 65, 66 
put-call parity, 66 
discount factor, 5 
discounting, 5, 29 
dividend, 8, 16, 20, 58 


E 

equivalent distribution, 84 

Euribor future, 43 

Eurodollar future, 43, 44, 45 
convexity correction, 45 

European cancellable swap, 

127-128 

European option, 53 

exercise date, 53, 122, 123, 130 

exotic derivative, 141 


F 

filtration, 82 

financial crisis, 9, 18-19, 22, 24, 
27, 49-50, 131-132 

floor, 122 

floorlet, 122 

foreign exchange, 9 
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forward contract, 14, 41, 84 
during financial crisis, 22 
on foreign exchange, 21, 22 
option on, 62-64, 67 
value of, 14, 15, 19, 23, 56 
forward libor, 28-29, 141 
as martingale, 121 
forward libor-in-arrears, 142 
forward numeraire, 120, 152 
forward price, 14, 15-17, 85, 163 
of asset paying known income, 
16 
of asset paying no income, 14 
of floating rate bond, 32 
of foreign exchange, 20, 22, 23, 
89 
of real estate, 24 
of stock paying dividends, 20 
of zero coupon bond, 25, 30 
versus futures price, 42-43 
with bid-offer spreads, 22 
forward rate, 26, 30 
forward rate agreement, 27, 31, 45, 
49,141 
option on, 63, 119 
value of, 28 
forward swap rate, 35, 122, 145 
as martingale, 123 
FRA, see forward rate agreement 
fundamental theorem of asset 
pricing, 83-84, 86-88, 112, 
121, 123, 163 
futures contract, 21, 41-45 
on fixed rate bond, 43, 46 
on floating rate bond, 46 
on libor, 43-45 
vega of, 102, 108 
futures price, 41 
versus forward price, 42-43 


I 
IMM dates, 8, 44 
implied volatility, 115 
indicator function, ix, 112, 164 
interest rate, see also forward rate, 
libor, swap, 3-5, 10, 17 
negative, 3 
option, 119-124, 127, 136, 
150-152 
random, 89, 105 
intrinsic value, 55, 133 
Ito’s lemma, 160-161, 162-164 


K 
kappa, 101 


L 

ladder, see call ladder 

libor, see also forward libor, 27-28, 
34, 44, 119, 130 

futures contract on, 43-45 

libor-in-arrears, 142, 142-145, 147 

Lipschitz continuity, 60 

logarithmic return, 93 

lognormal distribution, ix, 94, 96, 
100, 108, 114, 121, 125 


M 
Markov property, 81 
martingale, x, 81-83, 84, 91, 158, 
163 
maturity, 14, 53 
money market account, §, 82, 83 
as numeraire, 83, 85, 88, 89, 
107, 153, 164 
monotonicity theorem, 48, 56, 58, 
64, 6S 
corollary to, 48, 72 
mortgage, 135 
multiplicative return, 93 


N 
no-arbitrage, 15-17, 72, 74, 83 
assumption of, 47 
on binomial tree, 76-77 
violation of, 49, 132 
normal distribution, ix, x, 86, 92, 
100, 108, 125 
notional, 4, 8, 21, 33 
numeraire, 83-84, 91 
change of, 85-86, 88, 164 
forward, 120, 152 
swap, 123, 152 


(0) 
option, 53 
American, see American option 
at-the-money, 55 
call, see call option 
digital, see digital 
European, see European option 
in-the-money, 55 
on forward contract, see forward 
contract 
on interest rate, see interest rate 


out-of-the-money, 55 
power, 107, 116 
put, see put option 
OTC, see derivative contract 
over-the-counter 


P 
payer swaption, 122, 127, 130, 137 
payout function, 13, 14, 53, 72, 78, 
88, 116 
physical settlement, 20, 124 
portfolio, 15, 17, 20, 25, 47 
arbitrage, see arbitrage portfolio 
replicating, 72, 75, 78, 101 
put option, ix, 53, 56 
American, 62-63, 66, 79, 91 
bounds on price, 66 
put spread, 58, 65 
put-call parity, 56, 66, 103, 106, 
127 


R 
receiver swaption, 122, 127 
replication, 15, 17, 20, 25, 26, 48, 
79 
risk-neutral pricing, 73-74, 78 
risk-neutral probability, 73, 77, 86, 
88-89, 95 
density, 88, 112-115, 116 
distribution, 83-84, 95-97, 112, 
115, 164 


S 

securitization, 9 

self-financing, 49 

short selling, 18 

short sterling future, 43 

skew, see volatility skew 

spot price, 8 

spread bet, 21 

stochastic differential equation, 

159, 162-163 

stochastic integral, 91 

stock, 8, 84 

as numeraire, 85, 88, 107, 163 

straddle, 53, 87, 92, 100 
cap-floor, 122 


swaption, 122 
strike, 53 
superconducting super collider, vi 


swap, 33 


cancellable, see cancellable swap 
fixed leg, 34, 39 

floating leg, 34, 39 

pv01, 34, 39, 146 

rate, see forward swap rate 

value of, 35, 37, 132 


swap numeraire, 123, 152 
swaption, 122-124, 150 


forward-starting, 154 
midcurve, 123, 154 

payer, see payer swaption 
receiver, see receiver swaption 
straddle, 122 


T 
Third Wrangler formula, 31 


Vv 
variation margin, 41 
vega, 45, 101-105, 108, 146 
of call butterfly, 103, 108 
of constant maturity swap, 146, 
147 
of Eurodollar future, 45, 102 
of libor-in-arrears, 144 
volatility, 10, 94, 97, 99-101, 108, 
115 


INDEX | 175 


implied, see implied volatility 
skew, 115, 123 


Y 
yield, 39 


Z 
ZCB, see zero coupon bond 
zero coupon bond, 5, 25, 30, 35, 
48, 49 
as numeraire, 84, 88, 89, 120 
forward price of, see forward 
price 
zero rate, 6, 30, 31, 38 


